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HYPERBOLIC 3-MANIFOLDS. 
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Abstract. Let be a compact, orientable hyperbolic 3- manifold with dN a connected 
totally geodesic surface of genus 2. If N has Heegaard genus at least 5, then its volume 
is greater than 6.89. The proof of this result uses the following dichotomy: either A^ has 
a long return path (defined by Kojima-Miyamoto) , or A^ has an embedded codimension-0 
submanifold X with incompressible boundary T U dN, where T is the frontier of A in A^, 
which is not a book of /-bundles. As an application of this result, we show that if M is a 
closed, orientable hyperbolic 3-manifold with dimz2-ffi(Af ; ^2) ^ 5, and if the cup product 
map H^{M;Z2) ® H^{M;Z2) H'^{M;Z2) has image of dimension at most one, then M 
has volume greater than 3.44. 



1. Introduction 

The results of this paper support an old theme in the study of hyperbolic 3-manifolds, that 
the volume of a hyperbolic 3-manifold increases with its topological complexity. The first 
main result, Theorem 1.1 below, reflects this theme in the context of hyperbolic manifolds 
with totally geodesic boundary. We denote the Heegaard genus of a 3-manifold by Hg(A^). 

Theorem 1.1. Let N be a compact, orientable hyperbolic 3-manifold with dN a connected 
totally geodesic surface of genus 2. //Hg(A^) > 5, then N has volume greater than 6.89. 

Our second main result concerns closed manifolds: 

Theorem 1.2. Let M be a closed, orientable hyperbolic 3-manifold with 

dimz,Hi{M;Z2) > 5, 

and suppose that the cup product map i^^(M; Z2) (S> H^{M;'Ij2) i7^(M;Z2) has image of 
dimension at most one. Then M has volume greater than 3.44. 

Theorem 1.1 builds on work by Kojima and Miyamoto. Miyamoto proved that the minimal- 
volume compact hyperbolic 3-manifolds with totally geodesic boundary of genus g decompose 
into g regular truncated tetrahedra, each with dihedral angle 7i'/3g [16, Theorem 5.4]. Their 
volumes increase with g, taking values 6.452... for g = 2 and 10.428... for g = 3. Miyamoto's 
theorem implies in particular that the minimal volume compact hyperbolic manifolds with 
totally geodesic boundary of genus g have Heegaard genus equal to 5^ -|- 1. 
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Prior to the work of Miyamoto, Kojima-Miyamoto established the universal lower bound of 
6.452... for the volume of compact hyperbolic 3-manifolds with totally geodesic boundary 
and described the minimal-volume examples [15]. In fact their result is slightly stronger: if 
is not "simple", then vol(A^) > 6.47. In the terminology of [15], a hyperbolic manifold 
with geodesic boundary is simple if it admits a decomposition into truncated polyhedra with 
one internal edge. Such manifolds are classified in [15, Lemma 2.2], and include those with 
minimal volume. 

Theorem 1.1 can be regarded as an extension of Kojima-Miyamoto's theorem. Experimental 
results of Frigerio-Martelli-Petronio [10] suggest that the next smallest manifolds with geo- 
desic boundary after those of minimal volume have volume greater than 7.1, so it is likely 
that Theorem 1.1 is not close to sharp. Nonetheless it seems to be the only result of its kind 
in the literature. 

Theorem 1.2 will be deduced by combining Theorem 1.1 with results from [4] and [7]. The 
transition from these results to Theorem 1.2 involves two other results. Theorems 1.3 and 
1.4 below, which are of independent interest. 

Theorem 1.3. Let M be a closed, orientable hyperbolic 3-manifold containing a closed, 
connected incompressible surface of genus 2 or 3, and suppose that Ilg(M) > 8. Then M 
has volume greater than 6.89. 

Theorem 1.3 is analogous to [4, Theorem 6.5], and follows in a similar way: we apply Theorem 
1.1 and the results of Miyamoto and Kojima-Miyamoto discussed above, using work of Agol- 
Storm-Thurston [2], to the output of the topological theorem below. The notation in the 
statement is taken from [4]. In particular, below and in the remainder of this paper, we will 
use the term "simple" as it is defined in [4, Definitions 1.1], which differs from its usage in 
[15] mentioned above. We also recall the definitions oi M\\S from the first sentence of [4], 
and "kish" from Definition 1.1 there. 

Theorem 1.4. Suppose that M is a closed, simple 3-manifold which contains a connected 
closed incompressible surface of genus 2 or 3, and that Hg(M) > 8. Then M contains a con- 
nected closed incompressible surface S of genus at most 4, such that either x(kish(M \\S)) > 
2, or S is separating and M\\S has an acylindrical component N with Hg(A^) > 7. 

Theorem 1.4 follows by application of [4, Theorem 5.8] jointly with [4, Theorem 3.1]. It is 
the analog of [4, Corollary 5.9] for manifolds possessing an incompressible surface of genus 
3. 

The proof of Theorem 1.2 follows the outline of [4, Theorem 6.8]. In place of the results 
concerning 3-free groups used in [4], the proof uses results of [7] concerning 4-free groups, 
and Theorem 1.3 above replaces [4, Theorem 6.5]. 

All the theorems stated above are proved in Section 7. Sections 2-6 constitute preparation 
for the proof of Theorem 1.1. We introduce return paths, defined by Kojima [14], and {i,j, k) 
hexagons in Section 2. (The analysis of (i, j, k) hexagons is a crucial element of [15], but we 
have borrowed our notation for them from Gabai, Meyerhoff and Milley's paper [11], which 
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is set in a different context.) Lemmas 2.7 and 2.8, which are due to Kojima-Miyamoto [15], 
respectively give an absolute lower bound on ii, and a lower bound for £2 in terms of £1. 
Lemma 2.9 refines Lemma 2.8, giving a bound for £2 which improves that of [15] when £1 is 
in a certain interval. 

Section 3 describes Kojima-Miyamoto's volume bounds. The main result rigorously estab- 
lishes a lower bound which is apparent from inspection of [15, Graph 4.1]. 

Proposition 3.7. Let N be a hyperbolic 3-manifold with dN connected, totally geodesic, 
and of genus 2, satisfying coshfi > 1.215. Then N has volume greater than 6.89. 

Also in Section 3, Proposition 3.9 shows that any manifold with no (1, 1, 1) hexagon has a 
shortest return path satisfying cosh^i > 1.215, thus has volume greater than 6.89 by the 
above. In the remaining sections, we explore the topological consequences of the presence 
of a (1, 1, 1) hexagon in A^, when cosh^i < 1.215. In Section 6, we show that under these 
circumstances, N contains a submanifold X which is a nondegenerate trimonic manifold 
relative to dN (see Definition 5.7). 

Section 4 develops results from the theory of books of /-bundles (which were introduced in 
[1]) that we use in Section 5. There we introduce trimonic manifolds and prove, in Proposition 
5.14, that such a manifold X does not have the structure of a book of /-bundles. It follows 
that X has kishkes (or guts, cf. [2]) with negative Euler characteristic. Using volume bounds 
due to Agol-Storm-Thurston, we obtain the following result. 

Theorem 7.2. Let N be a compact, orientable hyperbolic 3-manifold with dN a connected 
totally geodesic surface of genus 2. //coshfi < 1.215 and there is a (1, 1, 1) hexagon in N, 
then B.g{N) < 4 or yo\{N) > 7.32. 

Together with the results of Section 3, this implies Theorem 1.1. 

2. Geometric preliminaries 

Suppose A^ is a hyperbolic 3-manifold with totally geodesic boundary. Its universal cover A^ 
may be identified with a convex subset of bounded by a collection of geodesic hyperplanes. 
The following terminology was introduced in [14] and used extensively in [15]; we will use it 
here as well. 

Definition 2.1. Let A^ be a hyperbolic 3-manifold with totally geodesic boundary, and let 
A^ C H'^ be its universal cover. A short cut in A^ is a geodesic arc joining the closest points 
of two distinct components of dN. A return path in A" is the projection of a short cut under 
the universal covering map. 

It is an easy consequence of the definitions that each return path is a homotopically nontrivial 
geodesic arc properly immersed in A^, perpendicular to dN at each of its endpoints. Corollary 
3.3 of [14] asserts that for a fixed hyperbolic manifold A^ with geodesic boundary and /T G M, 
there are only finitely many return paths in A^ with length less than K. Thus the collection 
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of return paths may be enumerated as {Ai, A2, . . .}, where for each i eN, the length of Aj is 
less than or equal to the length of Aj+i. Fixing such an arrangement, we will denote by ii 
the length of Aj. 

It will prove important to understand the distance in dN, properly interpreted, between 
endpoints of return paths of N. 

Definition 2.2. Let be a compact hyperbolic 3-manifold with connected totally geodesic 
boundary, and suppose A is a short cut in projecting to Aj. Fix an endpoint x of A, and 
let n be the component of dN containing x. For j G N define dij to be the minimum, taken 
over all short cuts A' projecting to Xj such that A' has an endpoint y E H and A' 7^ A, of 
d{x,y). 

The requirement above that A' be distinct from A ensures that da > 0. In general, dij is the 
length of the shortest geodesic arc in dN joining an endpoint of Aj to an endpoint of A^. 

A crucial tool for understanding the relationships between the lengths £i and distances dij is 
a class of totally geodesic hexagons in A^ which have short cuts as edges. The two lemmas 
below describe the relevant hexagons. 

Lemma 2.3. Suppose that Hi, II2 and II3 are mutually disjoint geodesic planes in M.^. For 
each two-element subset {i,j} c»/{l,2,3}, let Xij denote the common perpendicular to Hi 
and Uj. Then A12, A13 and A23 lie in a common plane U. 

Proof. We may assume that the three lines A12, A13 and A23 do not all coincide, and so by 
symmetry we may assume that A12 7^ A13. For i = 2,3 the line Aij meets Hi orthogonally at 
some point pi. Let L C 11 denote the line joining p2 and ps, and let S denote the plane which 
meets 11 perpendicularly along L. It is clear that E contains A12 and A13. This implies that 
S meets the planes 112 and lis perpendicularly. For i = 2, 3, let Xj denote the line Ilj fl S. 
Since 112 fills = 0? the lines X2, X3 C S are disjoint. Hence the common perpendicular to X2 
and X3 is a line F C S. For i = 2,3, the line Y meets the line Xj C Ilj perpendicularly, and 
Y is contained in the plane S which is perpendicular to Ilj; hence Y is itself perpendicular 
to Ilj. It follows that Y = A23. Thus the plane S contains A12, A13 and A23. □ 

Lemma 2.4. Let N be a compact hyperbolic 3-manifold with totally geodesic boundary, and 
suppose Hi, II2, and II3 are distinct components of dN. Let U be the plane containing the 
short cuts A12, A23 and A13, which exists by Lemma 2.3. Let C be the right-angled hexagon 
in n with edges Xij and the geodesic arcs in the Ilj joining their endpoints. Then C G N , 
andCndN = Ui{CnUi). 

Proof, n n X is a convex subset of 11 bounded by the family of disjoint geodesies 11 fl dN, 
which includes 11 fl Ilj, i G {1, 2, 3}. If 7 is another component of 11 fl dN, then by definition 
n n Hi, n n 112, and n n 113 are all contained in the component of 11 — 7 intersecting X. 
Thus there is a single component of SooII — (uf^j^c^oollj) containing both endpoints of 7. 
Since 7 is a component of 11 fl dN, its endpoints are between those of two different geodesies 
n n Ilj, say n n Hi and 11 fl 112. Then since the geodesic containing A12 intersects Hi and 112 
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perpendicularly, it is disjoint from 7 and contained in the component of 11 — 7 intersecting 
A^. The remainder of C is on the other side of A12 from 7. Since 7 was arbitrary, the lemma 
follows. □ 

Definition 2.5. Let be a compact hyperbolic 3-manifold with totally geodesic boundary, 
and let C be a right-angled hexagon supplied by Lemma 2.4. We call the edges of C which 
are short cuts internal, and the remaining edges external. If the internal edges project to Aj, 
Aj, and A^, we call C an (i, j, k) hexagon. 

This terminology matches that defined in [11] in the context of horospheres and cusped 
hyperbolic manifolds. As we will see below, {i,j,k) hexagons were used extensively in the 
analysis of [15], although not by name. 

The isometry class of a right-angled hexagon is determined by the lengths of three of its 
pairwise nonadjacent sides. If {£,£',£"} is a collection of such lengths, and d is the length 
of a side abutting those with lengths i and i', the right-angled hexagon rule (cf. eg. [17, 
Theorem 3.5.13]) describes d in terms of the other lengths. 

sinh i sinh i' 

A prototypical application of the right-angled hexagon rule is the following initial lemma, 
proved in [15] during the proof of Lemma 3.2. 

Lemma 2.6 (Kojima-Miyamoto). Suppose N is a compact hyperbolic 3-manifold with con- 
nected totally geodesic boundary, and let R be the function of £1 defined by the following 
formula. 



(2.6.1) coshi? 

Then d^ > 2R. 




1 



2 cosh £1 -2 



Proof. Let A and A' be short cuts in A^ with length ii whose feet are at distance du on some 
boundary component. The short cut A" joining the boundary components containing the 
other feet of A and A' has length ik for some k > 1. Applying the right-angled hexagon rule 
to the (1, 1, k) hexagon containing A, A', and A" yields the following inequality. 

cosh^^i + cosh 4 cosh^^i + cosh 4 1 
(2.6.2) coshrfn = —^^ > — ^- = 1 + 



sinh £1 sinh ii cosh ii - I 

The lemma now follows upon applying the "half-angle formula" for hyperbolic cosine, 
coshi? = J(cosh(2i?) + l)/2. □ 



Note that R is decreasing as a function of ii. Hence using Lemma 2.6, an upper bound on 
dii implies a lower bound on ii. An upper bound for du obtains from area considerations. 
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Lemma 2.7 ([15], Corollary 3.5). Let N be a compact hyperbolic 3-manifold with dN con- 
nected, totally geodesic, and of genus 2. Then the following bounds hold for du and li. 

3 ~l~ a/3 

cosh (ill < 3 + 2a/3 cosh^i > — ^ — 

Proof. By Lemma 2.6, there is a disk of radius R embedded on ON around each endpoint of 
Ai, and these two disks do not overlap. They lift to a radius R disk packing on a component 
n of (9A^, invariant under the action of TCidN. Boroczky's Theorem [3] gives an upper bound 
d{R) on the local density of a radius R disk packing of EP. Since the packing in question 
is invariant under the action by covering transformations for the compact surface dN, d{R) 
bounds the global density of the packing there, yielding the following inequality. 

< d(R) 

An 

The numerator on the left hand side of the inequality above is twice the area of a hyperbolic 
disk of radius i?, and the denominator is the area of ON . (This follows from the Gauss-Bonnet 
theorem and the fact that dN has genus 2.) 

Let a be the angle at a vertex of a hyperbolic equilateral triangle T{R) with side length 2R. 
T{R) has area n — 3a, and the intersection with T{R) of disks of radius R centered at its 
vertices occupies a total area of 3 ) 27r(coshi? - 1). Bor5czky's bound d{R) is defined as 
the ratio of these areas; thus after simplifying the inequality above we obtain the one below. 

, „ 3a (cosh — 1) 

cosh R-l< — ^ ^ 

n — 3a 

Solving for a yields a > n/G. The hyperbolic law of cosines describes the relationship 
between a and the side length of T{R): 

cosh^(2i?) - cosh(2i?) cosh(2i?) 2 cosh^ R - 1 

COS (y. — ^ ^ — ^ = 

sinh2(2i?) cosh(2i?) + l 2cosh^i? 

Using the fact that cos a < a/3/2 and solving for coshi? yields coshi? < (1 + a/3) /a/2. 
The inequality for coshrfu follows using the "hyperbolic double angle formula", and the 
inequality for cosh^i follows upon solving the formula of Lemma 2.6. □ 

The following lemma combines Lemmas 4.2 and 4.3 of [15] with the discussion below them. 

Lemma 2.8 (Kojima-Miyamoto). Let N be a compact hyperbolic 3-manifold with dN totally 
geodesic, connected, and of genus 2. Define quantities R' , E, and F, depending on ii, by the 
following equations. 

(2.8.1) cosh/?' = 3 - cosh i? 

2 

cosh^(i? + rY- tanh^ ii - 1 



(2.8.2) cosh E = ^- ^ ^ + 1 



(2.8.3) coshF= J +1 



cosh 2R' - 1 



Then £2 > max{£i, min{£', F}}. 
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Proof. The right-angled hexagon rule can be used to obtain lower bounds on £2 depending 
on values for ii and di2 or ^22, respectively. 

(2.8.4) cosh £2 > ,2 , ,2, 7 + 1 

cosh 0,12 tanh ti — I 



(2.8.5) co.hf.>. r°f;' + ^ +1 

V coshct22 — 1 

This is recorded in Lemma 4.2 of [15]. Therefore an upper bound for di2 or ^22 gives a lower 
bound for £2 in terms of ii. 

Recall from above that an upper bound on ii gives a lower bound of 2R{ii), on dn, the 
shortest distance between feet of two different shortest short cuts on (any) component of dN. 
Hence disks U and U' of radius R in dN, each centered at a foot of the shortest return path, 
are embedded and nonoverlapping. Area considerations imply that R' is an upper bound 
for the radii of two equal-size nonoverlapping disks in dN — mt{U U U') [15, Lemma 4.3]. 
It follows that at least one of di2 < R + R' or ^22 < 2i?' holds, since otherwise there would 
be disks of radius R' embedded around the feet of the second-shortest return path without 
overlapping U and U'. The inequalities (2.8.4) and (2.8.5) thus imply that £2 > mm{E,F}. 
Note that by definition £2 > £1, which gives the lemma. □ 

The following lemma contains a new observation improving on the bound of Lemma 2.8 for 
values of £1 with hyperbolic cosine near 1.4. 

Lemma 2.9. Let N be a compact hyperbolic 3-manifold with dN totally geodesic, connected, 
and of genus 2. Let R" be determined by the following equation. 

(2.9.1) coshi?" = , ^ = 1.4619.... 

y^2(l - cos(27r/9)) 

Define quantities L and M depending on £1 by 

2 

(2.9.2) coshL = ^- ^ ^ + 1 

^ ^ cosh^ 2i?" tanh^ £1 - 1 



(2.9.3) coshM=J 7,^^^ + ^ +1 
^ ' V cosh(2i?") - 1 

For any value of £1 with 

(2.9.4) cosh£,< = 1.439..., 
^ ' 2 cos(27r/9) - 1 

£2 is bounded below by max{£i, min{i?, F}, min{L, M}}. 

Proof. Applying Boroczky's theorem as in Lemma 2.7, but this time to four disks of equal 
radius packed on dN, we find that the radius is bounded above by the quantity R" specified 
by the formula above. For £1 satisfying the bound of (2.9.4), the inequality (2.6.2) implies 
that dii is at least 2R" . If each of di2 and 6/22 were also larger than 2R", then disks of 
radius R" around the feet of both the shortest and second-shortest return paths would be 
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embedded and nonoverlapping, a contradiction. Thus min{(ii2, (^22} < 2R" . Plugging into 
inequalities (2.8.4) and (2.8.5) gives the result. □ 

The quantities L and M defined above offer a better lower bound on £2 than E and F, for 
values of £1 with 1.367 < cosh^i < 1.439. This is because E and F use the quantity R' of 
equation (2.8.1), and by definition twice the area of a hyperbolic disk of radius E! plus twice 
the area of a hyperbolic disk of radius R is Att. However it is impossible to entirely cover 
a compact surface of genus 2 with 4 nonoverlapping embedded disks. Boroczky's theorem 
bounds the proportion of the area which can be covered by four disks of equal radius, and 
this supplies R" . This is less than R! for R determined below. 

cosh R < 3 . 

^2(1 - cos(27r/9)) 

Solving equation (2.6.1) for cosh^i, we find that this occurs when cosh^i > 1.366.... It is at 
this point that the bound above for ^22 given by cosh(i^') is better than the bound above 
given by 2R'. The bound on di2 given by cosh(i^) becomes better than that given hj R + R' 
somewhat earlier, at least for values of ii with coshfi > 1.25. 

3. Volume with a long return path 

By definition, in a hyperbolic manifold with totally geodesic boundary, ii/2 is the height 
of a maximal embedded collar of dN. The volume of such a collar bounds the volume of N 
below, but leaves a lot out. The volume bounds of [15] are obtained by taking a larger collar 
of dN and using separate means to understand the region where it overlaps itself. 

Definition 3.1. The muffin of height i, here denoted Muf^, is the hyperbolic solid obtained 
by rotating a hyperbolic pentagon with base of length i, opposite angle 27r/3, and all other 
angles 7r/2, about its base (see [15, Figure 3.1]). 

It is a standard fact of hyperbolic trigonometry (see [17, Theorem 3.5.14]) that positive real 
numbers a, b, and c determine a right-angled hexagon in EP, unique up to isometry, with 
alternate sides of lengths a, b, and c. For £ > 0, the hexagon specified hja = b = c = i has 
an orientation preserving symmetry group of order three which cyclically permutes the sides 
of length i. The hyperbolic pentagon mentioned in the definition above is a fundamental 
domain for this symmetry group. 

For a compact hyperbolic 3-manifold A^, a copy of Muf^^ is embedded in around each 
short cut with length ii. Lemma 3.2 of [15] asserts that Muf^^ is embedded in N by the 
universal covering. Let A be the length of a side joining a vertex with angle 7r/2 to the 
vertex with angle 27r/3 of the pentagon rotated to construct the muffin. In terms of £1, A is 
given by the formula below. 



(3.1.1) coshA = i/-(cosh£i + 1) 
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A collar of dN with height less than both A and £2/2 has its region of self-overlap entirely 
contained in Muf^^. This yields the fundamental volume inequality of [15], stated there in 
the proof of Proposition 4.1, which we formulate in the following lemma. 

Lemma 3.2 (Kojima-Miyamoto). Let N be a compact hyperbolic 3-manifold with boundary, 
and let H = min{A, £2/2}. With Muf as defined above and R as in Lemma 2.6, we have 
the following bound. 

(3.2.1) vol(A^) > vol(M«/^J + 7r(2 - coshR){2H + sinh(2if)) 

Proof. The intersection of Muf^^ with dN is the union of disks U and U' of radius R, the 
quantity defined in Lemma 2.6. This is because the pentagon rotated to construct the 
muffin is a fundamental domain for the orientation-preserving symmetry group of a (1, 1, 1) 
hexagon, thus its sides adjacent to the base each have length R (again see [15, Figure 3.1]). 
It follows from Lemma 2.6 that U and U' are embedded in dN without overlapping. 

The area of dN - {U U U') is An - 47r(coshi? - 1). A collar of dN - {U U U') of height 
H is embedded in N without overlapping Muf^_^, and the bound of the lemma is obtained 
by adding their volumes. This uses the following well known formula for the volume of a 
collar of height H in of a set in a plane with area A: V = A ■ {2H + sinh 2if)/4. □ 

A formula for the volume of Muf^_^ is recorded in [15, Lemma 3.3]. The output of inequality 
(3.2.1) is recorded as a function of £1 in [15, Graph 4.1]. Lower bounds for H are determined 
at various points on the graph by A, the quantities E and F of Lemma 2.8, and £1 itself. 
The point on Graph 4.1 of [15] above coshfi = 1.215 is just to the left of the intersection of 
the curves labeled H = A and H = F/2. A computation gives a volume bound of 7.007. . . 
here. To the right of cosh^i = 1.215, inspection of Graph 4.1 reveals a single local minimum 
at about coshfi = 1.4. Numerical experimentation indicates that the volume bound at this 
minimum is just larger than 6.89. In this section, our main task is to prove this rigorously. 

Proposition 3.7. Let N be a hyperbolic 3-manifold with dN connected, totally geodesic, 
and of genus 2, satisfying cosh^i > 1.215. Then N has volume greater than 6.89. 

Remark 3.3. Although Proposition 3.7 probably follows solely from results of [15], our 
proof uses Lemma 2.9. In fact, numerical experimentation indicates that the volume bound 
above could be improved to about 6.94 with this result. Since it is easier and suffices for 
applications, we prove only the bound of 6.89 here. 

The lemma below proves useful for several results in this section. 

Lemma 3.4. For < cosh^i < 1.4, the quantity E of (2.8.2) is decreasing in ii. 

Proof. The formula (2.8.1) defines R' in terms of R by 



R' = cosh ^(3 — coshi?) = log 



(3 - coshi?) + J {3 - coshi?)2 - 1 



Taking a derivative with respect to R, one finds that R+R' increases with i? for 1 < cosh R < 
3/2, reaching a maximum at coshi? = 3/2, and decreases when coshi? > 3/2. This implies 
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5.432 


.454 


(F) 


6.894 


[1.351, 


1.358] 


4.206 


5.565 


.451 


(F) 


6.895 


[1.358, 


1.364] 


4.173 


5.678 


.448 


(F) 


6.896 


[1.364, 


1.367] 


4.157 


5.772 


.447 


(F) 


6.917 



Table 1. 



that cosh(i? + R') is an increasing function of ii on the interval ^ cosh^i < 1.4, since 
values of ii in this interval give i?- values between | and , and i? is a decreasing function 
of £i. Since the hyperbolic tangent is an increasing function, the lemma follows from the 
definition of E in Lemma 2.8. □ 

In the proof of Proposition 3.7, we divide the interval 1.215 < coshfi < oo into subintervals: 

[1.215, oo) = [1.215, 1.367] U [1.367, 1.439] U [1.439, oo) 
We address each subinterval separately. The ffist is below. 

Lemma 3.5. A compact hyperbolic 3-manifold N with geodesic boundary satisfying 1.215 < 
cosh^i < 1.367 has volume greater than 6.89. 

Proof. The strategy of proof is to break the interval in question into subintervals, bound 
the constituent quantities in the formula (3.2.1) on each subinterval, and from this obtain a 
coarse lower bound for the right hand side of the inequality. Table 1 records this computation. 
We explain its entries below. 

The leftmost column specifies the subinterval of values of cosh^i. The second column records 
a lower bound on this interval for the volume of the muffin. This is attained at the right 
endpoint, according to [15, Lemma 3.3]. The third column records a lower bound for the 
area on dN of the complement of the base of the muffin. This is attained at the left endpoint 
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of the sub interval, since R is decreasing in Ci. The fourth column records a lower bound for 
H. This is obtained by computing minima for each of A, E/2, and F/2 on the subinterval 
and taking the minimum (in each case this lower bound is greater than ^i/2). 

From its definition (3.1.1) one easily finds that A is increasing in £i, hence a minimum for A 
is obtained at the left endpoint of each subinterval. By Lemma 3.4 above, E is decreasing 
in li on each subinterval in question, so its minimum is obtained at the right endpoint. 
The monotonicity of F is not apparent from its definition, so to find a minimum on each 
subinterval, we plug the value of coshfi at the left endpoint and the value of cosh2i?' at 
the right endpoint to the formula (2.8.3). In addition to the resulting minimum, we record 
which of A, E, and F supplies it in the fourth column of Table 1. 

The final column assembles these bounds to give a volume bound. In each column after the 
first, the decimal approximation has been truncated after three places. □ 

Using the bounds of Lemma 2.9 for £2 in the inequality (3.2.1) yields the lemma below. 

Lemma 3.6. A compact hyperbolic S-manifold with geodesic boundary satisfying 1.367 < 
cosh^i < 1.439 has volume at least 6.89. 

Proof. We assemble a table as in the proof of Lemma 3.5, using L and M to bound H below, 
instead of E and F. Since L is decreasing in ii, its minimum occurs at the right endpoint 
of each subinterval, whereas the minimum of M occurs at the left endpoint. The results of 
the computation are recorded in Table 2. □ 



cosh^i muffin volume a.Tea{dN — {U U U')) H volume 

[1.367,1.377] 4.105 5.818 .447 (M) 6.892 

[1.377, 1.392] 4.031 5.966 .448 (M) 6.894 

[1.392,1.416] 3.920 6.176 .449 (M) 6.893 

[1.416, 1.439] 3.823 6.485 .451 (M) 6.959 

TABLE 2. 



We now prove Proposition 3.7. Below we recall its statement. 



Proposition 3.7. Let N be a hyperbolic 3-manifold with dN connected, totally geodesic, 
and of genus 2, satisfying coshfi > 1.215. Then N has volume greater than 6.89. 

Proof. Given Lemmas 3.5 and 3.6, we need only concern ourselves with hyperbolic 3-manifolds 
with totally geodesic boundary satisfying 1.439 < cosh^i. The union of the muffin and a 
collar of height H = ii/2 has volume given by the following formula. 



TT 



^1 + 2sinh£i + 



/ 2 cosh i 
2 cosh i 



cosh 



-1 



'4 cosh ^1 + 1~ 



?i -sinh£i 



When cosh^i = 1.439, this yields a volume of 7.1... We claim that V{ii) is increasing with 
ii (as is suggested by Graph 4.1 in [15]). Once established, this will complete the proof. 
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/2 cosh^i — 1 

It is clear that W — = coshi? (recall equation (2.6.1)) is decreasing in ii, asymp- 

V 2 cosh «i — 2 

totically approaching 1 from above. The derivative of cosh" ^((4 cosh £i + l)/3) is 1/ coshi?, 
bounded above by one. Hence the quantity in parentheses above, 

Q = cosh~^ ^ 3~~~~) ^ ~ sinh^i, 

is decreasing in ii. Its value is negative when cosh£i = 1.439, and so also on the entire 
interval in question. Taking the derivative of V{ii) yields the following. 



1 + 2cosh£i + coshi? f — \—- - 1 - coshfi) + ^(coshi?) • Q 

V cosh it / 



-1 



Since ^(coshi?) and Q are both negative, the above is the sum of a positive number with 
the product of 1 + cosh^i and 2 — coshi?. When cosh^i = 1.439, coshi? = 1.46... < 2; since 
coshi? is decreasing as a function of ii, the derivative of the volume formula is positive for 
cosh^i > 1.439. □ 

Lemma 3.8. Let N be a compact hyperbolic S-manifold with dN connected, totally geodesic, 
and of genus 2. If cosh ii < 1.215, then ii and A are each less than £2/2. 

Proof. Lemma 2.8 implies that £2 > mm{E,F}. The values of ii in question here have 
hyperbolic cosine between ^^/^ = 1.186 and 1.215. By Lemma 3.4, E is monotone decreasing 
in ii on this interval; thus a lower bound, obtained by plugging in 1.215, is 1.961 .... The 
quantity F is not necessarily monotone in ii, since both cosh^i and cosh2i?' are increasing 
in ii. However, a coarse lower bound may be found by substituting cosh~^(1.215) for £1 in 
cosh^i and cosh~'^( ^"^^'^ ) for £1 in cosh2i?'. The lower bound obtained in this way is 1.960.... 

When coshfi < 1.215, £1 < .645. Taking the inverse hyperbolic cosine of 1.960, we find 
£2 > 1.293. The quantity A is clearly increasing in £1. When cosh^i = 1.215, the value 
obtained is .644.... This establishes the lemma. □ 

Proposition 3.9. Let N be a hyperbolic 3-manifold with dN connected, totally geodesic, 
and of genus 2, such that there is no (1, 1, 1) hexagon in N. Then cosh^i > 1.215. 

Proof. Suppose is a hyperbolic 3-manifold with totally geodesic boundary and no (1, 1, 1) 
hexagons. According to Lemma 3.8, if £1 is at most 1.215, then £2 is at least twice £1. Since 
has no (1,1,1) hexagons, in the right-angled hexagon in A^ realizing dn, the opposite 
side has length at least £2; thus at least twice £1. Using the right-angled hexagon rule as in 
inequality (2.6.2), we obtain the following inequality. 

cosh^fi + cosh(2£i) 3cosh2£i-l 2 



cosh (ill > 



sinh^ £1 cosh^ ^1 — 1 sinh^ £1 



We recall from Lemma 2.7 that cosh dn < 3 + 2v^. Putting this together with the inequality 
above implies 

sinh^^ > 
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This gives coshfi > 1.255, contradicting the hypothesis that coshfi < 1.215. □ 

4. Normal books of /-bundles 

4.1. The resuhs of this section and the next are topological We work in the PL category in 
these sections, and follow the conventions of [4]. In particular, we say that a subset F of a 
space X is 7Ti-injective if for all path components A of X and B of Y such that A G B, the 
inclusion homomorphism 7ri(A) —>■ tti{B) is injective. We denote the Euler characteristic of 
a finite polyhedron X by ^"^^ ^6 write x{^) = ^x(^)- 

Proposition 4.2. Let X be a compact, orientable S-manifold, and let S andT he components 
of dX. Suppose that for some field F the inclusion homomorphism Hi{T; F) —* Hi{M; F) 
is surjective. Then S is iri-injective in M . 

Proof. Assume that S is not vri-injective. Then there is a properly embedded disk D d X 
such that dD is a non-trivial simple closed curve in S. Let be a regular neighborhood of D 
in X, let A denote the component oi X — N containing T, let * be a base point in T, and let 
G < TTi (X, -k) denote the image of vti (T, -k) under the inclusion homomorphism. Then tti (X, -k) 
is the free product of G with another subgroup where K = Ij ii D does not separate X, 
and K = 7ri(X — A) ii D does separate X. In the latter case, dD is a separating, non-trivial 
simple closed curve in S, and hence X — A has a boundary component of strictly positive 
genus. Thus in either case we have Hi{K;F) ^ 0. Hence the inclusion homomorphism 
Hi{A; F) — > Hi{X; F) is not surjective. Since S C A, this contradicts the hypothesis. □ 

Lemma 4.3. Let t : F ^ F be a free involution of a compact orientable surface F, and 
let C G F be a simple closed curve. Suppose that t{C) is isotopic to a curve which is 
disjoint from C . Then C is isotopic to a curve Ci such that either (i) r(Ci) fl Ci = or 
(ii) r{Ci) = Ci. Furthermore, if t reverses orientation we may always choose Ci so that (i) 
holds. 

Proof. We fix a metric with convex boundary on F/ (r). Then F inherits a metric such that 
r : F — > F is an isometry. Since C is a homotopically non-trivial simple closed curve in F, 
it is homotopic to a curve Ci with shortest length in its homotopy class, which is a simple 
closed geodesic by [9, Theorem 2.1]. Let C be homotopic to t{C) and disjoint from C. Then 
since the shortest closed geodesies Ci and t(Ci) are respectively homotopic to the disjoint 
curves C and C", it follows from [9, Corollary 3.4] that they either are disjoint or coincide. 
(The results we have quoted from [9] are stated there for the case of a closed surface, but it 
is pointed out in the first paragraph of [9, §4] that they hold in the case of a compact surface 
with convex boundary.) 

It follows from [8, Theorem 2.1] that C is isotopic to Ci. This proves the first assertion. 

To prove the second assertion, suppose that r reverses orientation and that C is isotopic to 
a curve Ci such that (ii) holds. Let A be an invariant annular neighborhood of Ci. Since r 
is a free involution it must preserve an orientation of the invariant curve C; since it reverses 
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an orientation of F, it must therefore interchange the components of dA. Hence (i) holds if 
Ci is replaced by one of the components of dA. □ 

If a 3-manifold X has the structure of an /-bundle over a surface T and p : X ^ T is 
the bundle projection, we will call d^X = p~^{dT) the vertical boundary of X and dhX = 
dX — dyX the horizontal boundary of X. Note that d^X inherits the structure of an I- 
bundle over 9T, and d^X the structure of a (9/-bundle over T, from the original /-bundle 
structure on X. We call an annulus A (Z X vertical ii A = p~^{p{A)). 

Let M an orientable, irreducible 3-manifold M, and let F he a, vri-injective 2-dimensional 
submanifold of DM . By an essential annulus or torus in M relative to F we mean a properly 
embedded annulus or torus in M which is vri-injective, has its boundary contained in /^, and 
not parallel to a subsurface of F. 

In the case where M is boundary-irreducible, we shall define an essential annulus or torus 
in M to be an essential annulus or torus in M relative to DM. 

Proposition 4.4. Let X he an I-bundle over a compact surface, and suppose that A is an 
essential annulus in |VV| relative to dhX . Then A is isotopic, by an ambient isotopy of X 
which is constant on d^X, to a vertical annulus in X . 

Proof. Let j : A ^ X denote the inclusion. If j is homotopic to a map of A into dhX then by 
[19, Lemma 5.3], A' is boundary parallel, contradicting essentiality relative to dhX. Hence 
j is not homotopic to a map of A into dhX. 

It follows that if X is a trivial /-bundle then A has one boundary component on each 
component of d^X. Lemma 3.4 of [19] then asserts that A is ambiently isotopic in X to 
a vertical annulus, by an isotopy fixing d^X and one component of dhX. This gives the 
conclusion in the case where X is a trivial /-bundle. 

We turn to the case where X is a twisted /-bundle. Then for some compact orientable surface 
F and some orientation-reversing free involution t : F ^ F we may write X = {F x I)/f, 
where f: FxI^FxI is defined by f{x, t) = (t(x), 1 — t). The quotient map p : F xl ^ X 
is a two-sheeted covering map, and p maps F x {i} homeomorphically onto dhX for i = 0, 1. 
Hence j : A ^ X may be lifted to an embedding j : A ^ X. Since j is not homotopic to 
a map of A into dhX, the annulus i{A) is essential. By the case of the proposition already 
proved, j is ambiently isotopic in X to an embedding j' such that j'{A) is vertical. 

For i = 0, 1 let Ci denote the component of dA with j'{Ci) G F x {i}. Define a simple 
closed curve C c F by C x {0} = /(Co)- Then C x {0} is isotopic to j{Co). Since f{A) 
is vertical, j'(Ci) = C x {1}; hence by definition we have t(C) x {0} = f(j'(Ci)), and so 
r(C) X {0} is isotopic to f{j{Ci)). But since j is an embedding, j(Co) and f(j(Ci) are 
disjoint curves in F x {0}. Thus C and t{C) are isotopic in F to disjoint curves, and it 
follows from Lemma 4.3 that C is isotopic in /^ to a curve Ci such that t(Ci) fl Ci = 0. This 
implies that j' is ambiently isotopic to an embedding j[ such that j'i{A) is a vertical annulus 
andr(/(A))nj;(A) = 0. 
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Hence p o ; A — > X is an embedding, and Ai = po j[{A) is a vertical annulus in X. Since 
j[ is ambiently isotopic in F x / to j, the homeomorphism p o j[ : A Ai is homotopic to 
j by a boundary-preserving homotopy in X. It then follows from [19, Corollary 5.5] that A 
is isotopic to Ai by an ambient isotopy fixing d^X. □ 

4.5. Let be a compact, orientable, irreducible and boundary-irreducible 3-manifold with 
dW 7^ 0. We recall the definition of the characteristic submanifold of W relative to 
dW. Up to ambient isotopy, S is the unique compact submanifold of W with the following 
properties. 

(1) Every component of E is either an /-bundle P over a surface such that PddW = dhP, 
or a Seifert fibered space S such that S fl dW is a saturated 2-manifold in dS. 

(2) Every component of the frontier of S is an essential annulus or torus in W. 

(3) No component of S is ambiently isotopic in to a submanifold of another component 
of S. 

(4) If Si is a compact submanifold of W such that (1) and (2) hold with Si in place of 
S, then Si is ambiently isotopic in ly to a submanifold of S. 

For further details, see [13] and [12]. 

It follows from Property (2) of W that S is vri-injective. Hence if W is simple, the funda- 
mental group of a component of S cannot have a rank-2 free abelian subgroup. It follows 
that if W is simple then every Seifert-fibered component of S is a solid torus. In particular, 
all the components of the frontier of S are essential annuli in this case. 

The rest of this section is concerned with books of /-bundles. We shall follow the conventions 
of [4], and we refer the reader to [4, 5.1] for the definition of a book of /-bundles. As in [4] 
we shall denote the union of the pages of a book of /-bundles by P>v and the union of its 
bindings by By\>, and we shall set |W| = Vy^ U By^ and Ay\) = "Pw H By\). 

Definition 4.6. Let W be a book of /-bundles, and set W = |W|, and let C denote a 
regular neighborhood of Aw in W. We shall say that W is normal if (i) is a simple 
3-manifold, and (ii) W — C is ambiently isotopic in W to the characteristic submanifold of 
the pair {W,dW). 

Proposition 4.7. Let W be a simple 3-manifold. Let S denote the characteristic subm- 
nanifold of the pair {W,dW), and suppose that x(W — 0- Then W — J2 is a regular 
neighborhood of a properly embedded submanifold A of W , each component of which is an 
annulus. Furthermore, there is a normal book of I-bundles W such that |>V| = W and 
AvM = A. 



Proof. Set C = W — H. As we observed in 4.5, the components of the frontier of S are tti- 
injective annuli. In particular, no component of dC is a 2-sphere. Since x{^) ^ 0? it follows 
that every component of dC is a torus. On the other hand, the property (2) of S stated in 4.5 
implies that C is vri-injective in W. Since W is simple, it follows that the fundamental group 
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of a component of C cannot have a rank-2 free abelian subgroup. Hence the components of 
C are boundary-reducible, and in view of the irreducibihty of W they must be sohd tori. 

Let C be any component of C. The frontier components of C are among the frontier com- 
ponents of S, and we observed in 4.5 that these are essential annuli in W. In particular it 
follows that the components of C fl dW are vri-injective annuli on the solid torus C. Hence C 
may be given the structure of a Seifert fibered space in such a way that C fl dW is saturated. 
It now follows from Property (4) of S that C is ambiently isotopic in to a submanifold 
of S. Since C is also ambiently isotopic to a submanifold of W — T,, it must be ambiently 
isotopic to the regular neighborhood of a frontier component of S. This proves: 

4.7.1. C is a regular neighborhood of a properly embedded 2-manifold A G W whose compo- 
nents are annuli. In particular, each component of C has two frontier annuli. 

In particular this gives the first assertion of the proposition. 

Let So denote the union of all components of E that are solid tori, and set E_ = E — Eq. Since 
every component of E is a solid torus or an /-bundle P with Pr\dW = dhP, each component 
of E_ is an /-bundle P over a surface of negative Euler characteristic with P fl dW = dhP- 

We now claim: 

4.7.2. Each component of C has one frontier annulus contained in Eq and one contained in 
E_. 

Let C be any component of C. According to 4.7.1, C has two frontier annuli Ai and A2. 
Let Qi denote the component of E containing Ai (where a priori we might have Qi = Q2)- 
To prove 4.7.2 we must show that Qi and Q2 cannot both be contained in E_ or both be 
contained in Eq. 

First suppose that the Qi are both contained in E_. Then Q = QiU C U Q2 may be given 
the structure of an /-bundle over a surface in such a way that dhQ = <5 H dW . It therefore 
follows from the property (4) of E stated in 4.5 that Q is ambiently isotopic to a submanifold 
of E. But since xiQi) < for i = 1, 2 we have xiQ) > xiQi) for « = 1, 2. Hence Q cannot 
be ambiently isotopic to a submanifold of Qi for i = 1, 2. Furthermore, if Q' is a component 
of E distinct from Qi and Q2, then since Q H = and xiQ) < 0, the /-bundle Q cannot 
be ambiently isotopic to a submanifold of Q' . This is a contradiction. 

Now suppose that the Qi are both contained in Eq. Then the Qi are solid tori, and the 
image of the inclusion homomorphism 7ri(Aj) T^iiQi) has some finite index in TTi{Qi) 
for 2 = 1, 2. The fundamental group oiQ = Qi\JCUQ2 has presentation (xi, X2 : x^^ = x^^). 
But since W is simple and the frontier annuli of Q are essential, HiiQ) has no rank-2 free 
abelian subgroup. Hence at least one of the rrii must be equal to 1, and we may assume 
that m2 = 1. But this implies that Q2 is ambiently isotopic to a submanifold of Qi, which 
contradicts the property (3) of E stated in 4.5. This completes the proof of 4.7.2. 

It follows from 4.7.1 and 4.7.2 that S = Eq U C is a regular neighborhood of Eq in W, and 
that the frontier A' of B is ambiently isotopic to A. If we set P = E_, it follows from 
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the definition given in [4, 5.1] that W = {W,B,V) is a book of /-bundles. Normality is 
immediate from the construction. Since Aw = A' is ambiently isotopic to A, there is a 
normal book of /-bundles W with |W| = |W'| = and Ay^ = A. □ 

Requiring that a book of /-bundles structure be normal rules out certain degeneracies. For 
example, if W'" is an /-bundle over a closed surface of negative Euler characteristic, we may 
write W'" = \yv'"\ for some book of /-bundles with Syyt ^ 0. Such a book of /-bundles 
is not normal, and the following proposition would become false if the normal book of 
/-bundles W were replaced by W''. 

Proposition 4.8. Let W be a normal book of I -bundles, and suppose that A is an essential 
annulus in |W|. Then A is ambiently isotopic in |W| to either a vertical annulus in a page 
of W, or an annulus contained in a binding. 

Proof. Set W = |W|. Let C be a regular neighborhood of Ay^; in W. The definition of 
normality implies that (up to isotopy) = W — C is the characteristic submanifold of W 
relative to dW. 

Let ^ be a regular neighborhood of A in W. Then V may be given the structure of a Seifert 
fibered space in such a way that V fl dW is a saturated 2-manifold in dV. The components 
of the frontier of in are essential annuli in W. Hence the property (4) of S stated in 
4.5 implies that V is ambiently isotopic in to a submanifold of S. In particular, A is 
ambiently isotopic in W to an annulus A' C W — Ay;. Thus A' is contained in either a page 
or a binding of W. 

If A' is contained in a page P, then P is an /-bundle over a surface. Since A is essential in 
W (relative to dW), it is in particular essential in P relative to dhP. It therefore follows 
from Proposition 4.4 that A' is isotopic in P, by an ambient isotopy of P which fixes d^P, 
to a vertical annulus. The conclusion of the proposition follows. □ 

Lemma 4.9. Let W be a normal book of I -bundles. Let Y be a compact dimensional 
submanifold o/|VV|. Suppose that the following conditions hold. 

(1) Each component of the frontier ofY in |VV| is an essential properly embedded annulus 

(2) The 2-manifold Y fl d\W\ has two components Zq and Zi, with x(^o) = x(^i) = 1- 

(3) The inclusion homomorphism Hi{Zq] Z2) — *■ Hi{Y; Z2) is injective. 

(4) For every solid torus L G Y, such that L (1 Zq is an annulus which is homotopi- 
cally non-trivial in |W|, the inclusion homomorphism Hi{L fl ^oi ^) //i(/^,^) is 
surjective. 

Then the inclusion homomorphism -ki^Zq) 7ri(y) is surjective. 
Proof We set W = \W\, V = Vw d.nd B = Bw 

Since the frontier components of Y relative to W are annuli, we have 

X{Y) = ^xidY) = ^ixiZo) + x{Z,)) = 1. 
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By Proposition 4.8 we may assume that each frontier component of Y is either a vertical 
annulus contained in V and disjoint from A, or an annulus in B. Then each component of 
y n P is an /-sub-bundle of a page of W, whose frontier is a disjoint union of vertical annuli 
in the page; each of these vertical annuli is either contained in, or disjoint from, the vertical 
boundary of the page. Furthermore, each component of F fl i3 is a solid torus in a binding, 
whose frontier is a disjoint union of vri-injective annuli in the binding. In particular we have 
x(C) > for every component C oi Y (IV, and = for every component C of Y (1 B. 

Since the frontier components of Y (1 B and Y CiV relative to Y are annuli, we have 

u 

where U ranges over the components of Y (IV. Hence there is a component Ui of Y (IV 
with x{Ui) = 1, and x{U) = for every component U Ui of Y nV. 

Since f/i is a sub-bundle of a page of W, it is an /-bundle over a surface 5" with x{S) = 1, 
and the frontier of Ui relative to W is its vertical boundary. 

We set /C = Y -Ui. 

Each component of the frontier of t/i or /C relative to is a component of either the frontier 
Ay\> of "Pw relative to W, or the frontier of Y relative to W. According to [4, Lemma 5.2], 
the components of A-^ are vri-injective annuli in W. The components of the frontier of Y 
are vri-injective by hypothesis. Hence: 

4.9.1. Each component of the frontier of Ui or IC relative to W is a ni-injective annulus in 
W. 

The horizontal boundary of Ui is a two-sheeted covering space of 5, which is connected if 
and only if Ui is a twisted /-bundle. In particular we have x{.dhUi) = 2x(S') = 2. On the 
other hand, we have dhUi = f/i fl dW C Y n dW = Zq U Zi. Hence dhUi C Zj for some 
j G {0, 1}. It follows from 4.9.1 that dhUi is TTi-injective in W and hence in Zq U Zi. Since 
x{Zo) = x{Zi) = 1, the surface dhUi cannot be contained in Zq or in Zi. Hence: 

4.9.2. Ui is a trivial I-bundle over S , and its horizontal boundary has one component con- 
tained in Zq and one in Z\. 

For i = 1,2, let us denote by Aj the component of dhUi contained in Z^. 

Since W is simple by the definition of a normal book of /-bundles, it follows from 4.9.1 that 
each component of /C is simple. If V is any component of JC, the components of V (IV are 
components ofYCiV distinct from Ui, and the components ofVdB are components ofYCiB. 
Hence all components of ^ fl "P and V (1 B have Euler characteristic 0. As the components 
of {V nV) n {V n B) are annuli it follows that x(^) = 0- But the only simple 3-manifold 
with non-empty boundary having Euler characteristic is a solid torus. This shows: 



4.9.3. Every component of IC is a solid torus. 
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Let US consider any component A of f/ifl/C, and let V denote the component of /C containing 
A. According to 4.9.3, is a solid torus. Since A is a component of the frontier of Ui in 
W, it is a TTi-injective annulus in W by 4.9.1, and hence in V. On the other hand, it follows 
from 4.9.2 that some component c of dA is contained in Zq. A small non-ambient isotopy of 

V gives a solid torus L such that 

LnZo is a regular neighborhood R of c. Since A is vri-injective in W, the annulus R is homo- 
topically non-trivial in iy|. Hypothesis (4) then implies that the inclusion homomorphism 
Hi(L n Zq] Z) Hi{L, Z) is an isomorphism, and hence that the inclusion homomorphism 
7ri(yl) — s> 7ri(V) is an isomorphism. This shows: 

4.9.4. For every component A of Ui Ci K,, if V denotes the component of K, containing A, 
the inclusion homomorphism vri(A) T^iiV) is an isomorphism. 

Now suppose that Ai and A2 are two components of t/i fl /C contained in a single component 

V of /C. For 2 = 1,2 it follows from 4.9.2 that some component q of dAi is contained 
in Zq. Since ci and C2 are disjoint, non-trivial simple closed curves on the torus dV C 

they represent the same element of Hi(W;Z2). Since by hypothesis (3) the inclusion 
homomorphism Hi{Zq\7j2) Hi(Y;'Ij2) is injective, Ci and C2 cobound a subsurface Q 
of Zq. Since Ci and C2 are homotopically non-trivial, Q is vri-injective in Zq, and hence 
x{Q) < x(^o) = 1- As Q is orientable and has exactly two boundary curves, it must be 
an annulus. On the other hand, Q and Aq are subsurfaces of Zq, and we have dQ C OAq. 
Hence either Aq C A or A is a component of Zq — Aq. But it follows from 4.9.1 that Aq is 
TTi-injective in W and hence in Zq; since x(^) = we cannot have Aq C A. Thus we have 
proved: 

4.9.5. If A^'^^ and A^^^ are two components ofUiCiJC contained in the same component ofJC, 
then some component of Zq — Aq is an annulus Q having one boundary component contained 
in dA^'^^ and one contained in dA^^\ 

In particular, if Q is an annulus having the properties stated in 4.9.5, then dQ C OAq. Since 
x(Ao) = 1, the surface Aq has at most three boundary curves. Hence there is at most one 
unordered pair {A'^''^ A*^^)} of components of ?7i fl /C such that A^^^ and A^^'^ are contained 
in the same component of /C. Equivalently: 

4.9.6. There is no component of K. whose boundary contains more than two components of 
Ui n K, and there is at most one component of K, whose boundary contains two components 
ofUiDJC. 

In view of 4.9.6, the argument now divides into two cases. 

Case I: The boundary of each component of JC contains only one component of 

f/ifl/C. In this case, let Ai, . . . , Am denote the components of f/ifl/C. (Since x{S) = 1 we have 
m < 3.) Let denote the component of /C containing Ai; thus the solid tori Vi, . . . ,Vm are 
all distinct. We have F = f/i U Vi U ■ ■ ■ U Kn. By 4.9.4 the inclusion homomorphism TTi{Ai) — > 
7Ti{Vi) is an isomorphism for i = 1, . . . ,m. Hence the inclusion homomorphism 7ri(f/i) —>■ 
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7Ti{Y) is an isomorphism. But by 4.9.2, the inclusion homomorphism 7ri(Ao) 7ri(f/i) is an 
isomorphism. Hence the inclusion homomorphism 7ri(Ao) 7ri(y) is an isomorphism, and 
in particular the inclusion homomorphism iti{Zo) 7ri(y) is surjective. This establishes 
the conclusion of the lemma in this case. 

Case II: There is a component Vq of /C whose boundary contains more than one 
component of Ui fl /C. By 4.9.6, this component Vq is unique and contains exactly two 
components of Ui fl /C, which we denote A'q'' and A(^\ 

According to 4.9.3, Vq is a solid torus, and according to 4.9.4 the inclusion homomorphism 
7ri(y4o^) vri(Vo) is an isomorphism for i = 0,1. Hence there is a homeomorphism h : Vq 

X [0, 1] X [0, 1] such that h{A''Q^) = x {i} x [0, 1] for i = 0, 1. This allows us to extend 
the /-bundle structure of Ui to an /-bundle structure for L = UiU Vq. (Note, however, that 
the horizontal boundary of L need not be contained in dW.) 

According to 4.9.5, some component of Zq — Aq is an annulus Q having one boundary com- 
ponent contained in dA^^^ and one contained in dA^^\ This implies that the /-bundle L is 
trivial, and that one of its horizontal boundary components, which we shall denote by 0, is 
contained in Zq. 

Now let Ai, . . . ,Ara denote the components of t/i fl /C distinct from Aq'^ and Aq'\ (Since 
x{S) = 1 one may show that m < 1, but this will not be used.) Let Vi denote the component 
of /C containing Af, thus the solid tori Vi, . . . ,Vm are all distinct. We have F = L U Vi U 
■■■ U Vm- By 4.9.4 the inclusion homomorphism 7ri{Ai) vri(V5) is an isomorphism for 
i = 1, . . . ,m. Hence the inclusion homomorphism tti{L) 7ri(y) is an isomorphism. But 
since L is a trivial /-bundle and G is one component of its horizontal boundary, the inclusion 
homomorphism 7ri(0) — > vri(L) is an isomorphism. Hence the inclusion homomorphism 
7ri(0) — > 7^i{Y) is an isomorphism, and in particular the inclusion homomorphism 711(^0) 
7ri(y) is surjective. Thus the conclusion of the lemma is established in this case as well. □ 

5. TRIMONIC MANIFOLDS 

5.1. Let y be a point of an oriented surface S. By an ordered triod based at V we shall mean 
an ordered triple {Aq, Ai, A2) of closed topological arcs in S, each having V as an endpoint, 
such that Aid Aj = {V} whenever i ^ j. 

Suppose that (^0,^1,^42) is an ordered triod based at V. For i = 0, 1,2 let Xi denote the 
endpoint of Ai that is distinct from V. Then there is a disk 6 G S such that AqU AiU A2 C 6 
and AQUAiUA2r{d6 = {xq, xi, X2}. We shall express this by saying that the triod {Aq, Ai, A2) 
is properly embedded in 6. The orientation of S restricts to an orientation of 6, which in turn 
induces an orientation of 86. We shall say that the ordered triod {Aq, Ai, A2) is positive if 
the ordered triple {xo,Xi,X2) is in counterclockwise order on 86, and negative otherwise. 

5.2. Suppose that 9 is an oriented open arc. We denote by 9' the same arc with the opposite 
orientation. By a terminal segment of 9 we mean a subset A of 9 which has the form h{{t, 1)) 
for some orientation-preserving homeomorphism h : {0,1) —>■ 9 and some point t G (0, 1). By 
an initial segment of 9 we mean a terminal segment of 9'. 
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5.3. Now suppose that F is a graph (i.e. a 1-dimensional CW complex) contained in an 
oriented surface S. By an oriented edge of F we mean simply an (open) edge which is 
equipped with an orientation. Let y be a vertex of F, and let (cq, ei, 62) be an ordered triple 
of oriented edges of F with terminal vertex V. Assume that the Cj are distinct as oriented 
edges (although two of them may be opposite orientations of the same underlying edge). 
We may choose terminal segments Ai of the Cj in such a way that (^^o, Ai, A2) is an ordered 
triod in S. We shall say that the ordered triple (60,61,62) is positive if the ordered triod 
(^0)^1)^2) is positive, and negative otherwise. 

5.4. Let Z he a planar surface with three boundary curves, and let ★ e int Z be a base point. 
An ordered pair {zi,Z2) of elements of 7ri(Z, ★) will be called a geometric basis for 7ri(Z, ★) 
if the boundary curves of Z may be indexed as (Cj)i<j<3 in such a way that for i = 1, 2, 3 
there exist a point pi E Ci, a closed path in Cj based at Pi and an oriented (embedded) 
arc Ti from ★ to pj, such that 

• the Ti have pairwise disjoint interiors; 

• Tj n Cj = {pi} for each i; 

• [ji] generates ni{Ci,Pi) for each i; 

• Zi = [Ti * 7i * Ti] for i = 1,2; and 

• Zi^Z2 = [rg * 73 * T^]. 

Note that if (^1, Z2) is a geometric basis for 7ri(Z, ★) then zi and Z2 freely generate 7ri(Z, ★). 

5.5. Let F be a theta graph contained in an oriented surface S. Let W and V denote the 
vertices of F, and let /Sq, f3i and (32 denote the oriented edges having initial vertex W and 
terminal vertex V. Suppose that the ordered triple (/^oi /^2) of edges terminating at V 
is positive, and that the ordered triple {P'q, P'l, P'2) of oriented edges terminating at W is 
negative. Then a regular neighborhood Z of F in 5" is a planar surface with three boundary 
curves, and ([/3q * [P'q * P2]) is a geometric basis of 7ri(Z, V). 

5.6. Let F be an eyeglass graph contained in an oriented surface S. Let W and V denote 
the vertices of F, let /?o denote the oriented edge having initial vertex W and terminal vertex 
V, and let Pi and P2 be oriented loops based at W and V respectively. Suppose that the 
ordered triple {Pq, P2, P2) of edges terminating at V is positive, and that the ordered triple 
(/3q, Pi) of edges terminating at W is negative. Then a regular neighborhood Z of F in 5* 
is a planar surface with three boundary curves, and {[P2], {P'o * Pi* Po]) is a geometric basis 
of ni{Z, V). 

Definition 5.7. Let X be a compact orientable 3-manifold, and let be a component of 
dX. We shall say that X is a trimonic manifold relative to S if there exists a properly 
embedded arc a <Z X and a PL map / of a PL 2-disk D into X, such that the following 
conditions hold: 

(1) f~^{a) is a union of three disjoint arcs in dD\ 

(2) / maps each component of f^^{a) homeomorphically onto a; 

(3) /|(intL> U {{dD) - r\a))) is one-to-one; 
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Case (I) Case (II) 

(1)2 preserves orientation ^ ^2 reverses orientation 




Figure 5.1. Some objects defined in the proof of Lemma 5.9 

(4) fiiniD) C intX; 

(5) f{{dD)-f-\a))(ZS- 

(6) X is a semi-regular neighborhood of S* U f{D). 

Note that condition (5) implies that the endpoints of a lie in 5*. 

A PL map / of a 2-disk D into X such that (l)-(6) hold for some properly embedded arc a 
in X will be called a defining hexagon for the trimonic manifold X relative to S. 

Notation 5.8. Suppose that f : D ^ X is a defining hexagon for a trimonic manifold 
X relative to 5*. Note that the arc a appearing in Definition 5.7 is uniquely determined 
by D. We shall denote this arc by af. Furthermore, we shall denote by Fj the PL set 
fi{dD)-f-\a)) = f{D)ndXcS. 

Lemma 5.9. Suppose that X is a trimonic manifold relative to S . Let f : D X be a 

defining hexagon for X, and set a = af and F = F/. Then F is homeomorphic to either 
a theta graph (the "theta case") or an eyeglass graph (the "eyeglass case"), and a regular 
neighborhood Z of T in S is a planar surface with three boundary curves. Furthermore, for 
some (and hence for any) base point -k G int Z , there is an ordered basis {t,Ui,U2) of the 
rank-3 free group 7ri(Z U a, -k) with the following properties: 

• the inclusion homomorphism TXi{Z,-k) tti{Z U a,^) maps some geometric basis of 
7ri(Z, to the pair {ui,U2); and 

• dD may be oriented so that the conjugacy class in 7ii{Z U a,^) represented by f\dD : 
dD ^ Z U a is t^Uitu2 in the theta case, or t^uit^^U2 in the eyeglass case. 

Proof. We denote the components of f~^{a) by ao, cti and 02, and we denote the components 
of {dD) — f^^{a) by h^, hi and 62- We take the and hi to be labeled in such a way that 
ai and hj share an endpoint if and only if i is congruent to either j or j ' + 1 modulo 3. For 
i = 0, 1, 2 we set (3i = /(int hi). Then Pi is an open arc in S' — da, and Pi — Pi C da. Hence 
T = Po U Pi U P2 may be given the structure of a graph whose vertices are the endpoints of 
a, and whose edges are Po, Pi and P2. 
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Since a is an embedded arc, / maps the terminal point of and the initial point of to 
distinct vertices of F. In particular, each vertex of F has valence 3. Since F has three edges 
and two vertices, it is either a theta graph or an eyeglass graph. 

For 2 = 0, 1, 2 we denote by Pi the common endpoint of the arcs and in dD (where 
subtraction is interpreted modulo 3), and by Qi the common endpoint of Oj and hi. 

If we fix an orientation of dD then each of the arcs and hi inherits an orientation. We 
choose the orientation of dD in such a way that Pi and Qi are respectively the initial and 
terminal points of Oj, while Qi and Pj+i are respectively the initial and terminal points of hi. 
According to Definition 5.7, / restricts to a homeomorphism (^j : — > a for i = 0, 1, 2. 

Let T be a PL tubular neighborhood of a in X. We may choose T in such a way that / is 
transverse to the frontier of T and /~^(T) is a regular neighborhood of = ao U ai U 02 

in D. For each i G {0,1,2}, let z/j denote the component of f~^{T) containing a^. Then 
i>i n dD has the form U U r,, where Si is the closure of a terminal segment of and 
is the closure of an initial segment of hi. 

It follows from Definition 5.7 that / maps each Ui homeomorphically on to a PL disk Ji C T, 
and that Jj (1 Jj = a when i ^ j. The intersection of T with dX consists of two PL disks; 
for each i G {0, 1, 2}, one of these disks meets Jj in the arc (Tj = /(sj), and the other meets 
Ji in the arc pi = f{ri). Hence we may identify T by a PL homemorphism with 6 x a, where 
5 is a PL disk, in such a way that a = {0} x a for some interior point o of 6; and so that for 
z = 0, 1, 2 we have Ji = ti x a for some arc ti C 6. Each ti has one endpoint in d6 and one 
at o, and we have ti (Itj = o for i j. The components of ti x da are at and pi. 

We may orient a in such a way that at least two of the homeomorphisms 0j : aj — * a are 
orientation-preserving. Hence, after a possible cyclic relabeling of the a, (and the hi), we 
may assume that (pQ and (pi are orientation-preserving. 

We denote by V and W, respectively, the initial and terminal endpoints of a with respect to 
the orientation that we have chosen. Thus for i = 0, 1 we have f{Pi) = V and f{Qi) = W. 

We shall distinguish two cases according to whether the homeomorphism (f)2 '■ (12 <^ (I) 
preserves or (II) reverses orientation. In case I we have /(-P2) = V and f{Q2) = W, while in 
case II we have /(-P2) = W and f{Q2) = V. Hence we may define ordered triods (see 5.1) 
7y and Tw based at V and W respectively by setting Ty = (ctq, cti, (12) and Tw = {po, pi, P2) 
in case I, and Ty = (ctq, cti, P2) and Tw = {po, Pi, (^2) in case II. In each case, if we denote by 
6v and Sw the components of T fl dX containing V and W respectively, the triods Ty and 
Tw are properly embedded (see 5.1) in 6v and Sw- 

If we identify T as above with 6 x a, we have 6v = S x {V} and 6w = ^ >^ {^}- We may 
then define a homeomorphism ip : 6v ^ Sw i>Y i'ix, V) = (x, W). 

We orient S in such a way that 7y is a positive ordered triod (see 5.1). Each of the disks 6v 
and 5w inherits an orientation from S. The orientability of the 3-manifold X implies that 
ip : Sv ^ is an orientation-reversing homeomorphism. 
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By the properties of the identification stated above, we have ^J^ai) = pi for i = 0,1; and 
in Case I we have V'(^2) = P2, while in Case II we have ip{p2) = o"2- Since is a positive 
ordered triod, and since ip reverses orientation, the ordered triod Tw is negative. 

We orient each open arc /3i in such a way that f\ int bi : int bi — > jSi is orientation-preserving. 
Since a, Po, Pi and P2 are now equipped with orientations, their closures define elements 
of the fundamental groupoid Il{f{D)) which we denote by [a], [Po], [Pi] and [P2]. We let 
c denote the closed path * 60 * o-i * ^1 * ^■2 * ^2 in dD, based at Pq. Then [c] generates 
iTi{dD, Po). We set 7 = / o c. 

We have 

[7] = [a][Po][a][Pi][anP2] E 7ri{f{D),V) C n(/(D)), 
where e = 1 in Case I, and e = — 1 in Case II. 

To prove the conclusions of the lemma in Case I, we note that since f{Pi) = V and f{Qi) = W 
for each i, each Pi has W as initial vertex and V as terminal vertex. Thus F is a theta graph, 
and Case I is the "theta case" referred to in the statement of the Lemma. 

Since 7y = (cto, cxi, (72) is a positive ordered triod based at V, and the interior of is a 
terminal segment of Pi-i, the triple {P2,Po,Pi) of edges terminating at V is positive in the 
sense of 5.3. Hence the triple {Po,Pi,P2) is positive. Likewise, since Tjy = (po,Pi,P2) is 
a negative ordered triod based at W, and since the interior of pi is an initial segment of 
Pi — and therefore a terminal segment of P'^ — the triple {P'q,P[,P'2) of edges terminating at 
W is negative. It now follows from 5.5 that a regular neighborhood Z of F in S* is a planar 
surface with three boundary curves, and that if we set Zi = [P'q * Pi] and Z2 = [P'q * P2]), then 
{zi, Z2) is a geometric basis of 7ri(Z, V). 

In particular 7ri(Z, V) is freely generated by zi and Z2, and hence ni^ZUa, V) is generated by 
t, Ui and M2, where denotes the image of Zi under the inclusion homomorphism 7ri(Z, V) 
7ri(Z U a, V"), and t = [a* Pq]. 

We have 

Yi] = [a * Pq * a * Pi * a * P2\ 

= [a* Pq* a* Po* P'q* Pi* a* Pq* P'q* P2] 

= t^UitU2. 

This establishes the conclusions of the Lemma in the theta case. 

In Case II we have /(P,) = V and f{Qi) = for i = 0, 1, while /(P2) = W and /(Q2) = V. 
It follows that the closures of Pi and P2 are loops based at W and V respectively, whereas 
Pq has initial point W and terminal point V . Thus F is an eyeglass graph, and Case II is 
the "eyeglass case" referred to above. 

Since 7y = (cro,cri,p2) is a positive ordered triod based at V, and since the interiors of 
(Jo, 0"! and p2 are respectively terminal segments of P2, Po and P'2, the triple {P2, Po, P'2) of 
edges terminating at V is positive. Hence the triple {Pq, P'2, P2) is positive. Likewise, since 
%v = (P05Pi5cr2) is a negative ordered triod based at W, and since the interiors of po, pi 
and (72 are respectively terminal segments of /3q, P'^ and Pi, the triple {P'q, P'^^, Pi) of edges 
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terminating at W is negative. It now follows from 5.6 that a regular neighborhood Z of T 
in S* is a planar surface with three boundary curves, and that if we set zi = [/?q * Pi * /?o]) 
and Z2 = [P2], then {zi, Z2) is a geometric basis of 7ri(Z, V). 

In particular 7ri(Z, V) is freely generated by zi and 2:2, and hence 7!'i{ZUa, V) is generated by 
t, Ml and U2, where Ui denotes the image of Zi under the inclusion homomorphism 7ri(Z, V) 
7ri(Z U a,V), and t = [a * Po]. 

We have 

[7] = [a * Po * a * Pi * a' * P2] 

= [a* Po* a* Po* P'q* Pi* Po* P'q* a * P2] 

= {tfuiityw 

This establishes the conclusions of the lemma in the eyeglass case. □ 

Definition 5.10. Let X be a trimonic manifold relative to S. We shall say that X is non- 
degenerate if there is a defining hexagon f : D ^ X such that no component of S* — is an 
open disk. 

Lemma 5.11. Suppose that X is a non- degenerate trimonic manifold relative to a component 

5 of dX . Then Hg{X) < 1 + genus(5'). Furthermore, X contains a compact connected 3- 
dimensional submanifold Y with the following properties. 

(1) Each component of the frontier of Y in X is an essential annulus in X, joining 
distinct components of dX . 

(2) The 2-manifold Y fl dX has two components Zq and Zi, where Zq <Z S and Zi <f_ S , 
and each Zi is a planar surface with three boundary curves. 

(3) The group i^iiY) is free of rank 2. 

(Ji^) For any base point -k G intZo, there exists an ordered pair of generators {x,y) of 
7ri(F, such that either the pair {x^yx~^y'^) or the pair {x^y'^x'^y"^) is the image 
of some geometric basis of TTi^Zoj-k) under the inclusion homomorphism 7ri(Zo,*) — >■ 
vri(r,*). 

(5) Each component Q of X — Y may be given the structure of a trivial I -bundle over a 
2-manifold, in such a way that Y {~\Q is the vertical boundary of Q. 

Proof. We fix a defining hexagon f : D X, and set a = and F = Fj. Since X is 
non-degenerate, we may choose / in such a way that: 

5.11.1. No component of S — T is an open disk. 

Let T be a PL tubular neighborhood of a in X, and let 5 be a properly embedded disk in 
T n int X which crosses a transversally in one point. We may choose T in such a way that 
f~^{T) is a regular neighborhood of f~^{a) = oq U ai U a2 in D. Let D' denote the disk 
D — f~^{T). Then the frontier of D' is the union of three arcs a'o, a'l and 03, where a'^ is the 
frontier in D of the component of f~^{T) containing Oj. 

According to Definition 5.7, / maps each homeomorphically onto a. Hence we may choose 

6 so that for each i, the arc /(a'j) meets d6 transversally in exactly one point. In particular: 
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5.11.2. The simple closed curve f{dD') meets 86 in exactly three points, and these are 
transversal points of intersection within the frontier annulus ofT. 

Let T] denote a regular neighborhood in X — T of the properly embedded disk f{D') C 
X — T. Then K = T U rj is a. regular neighborhood of f{D) in X. 

Let X' denote the manifold obtained from X by attaching a collar C along the boundary 
component 5*. We identify C with S x /, where S is a surface homeomorphic to S, in such 
a way that 5 = S x {1} and 5' = S x {0} C dX'. We set X" = C U K C X' . Since /sT is a 
regular neighborhood of f{D) in X, the manifold X' is a semi-regular neighborhood of its 
3-dimensional submanifold X" . It follows that the pair (X", S') is homeomorphic to (X', S"), 
and hence to (X, S). It therefore suffices to show that the conclusions of the lemma are true 
when X and S are replaced by X" and S' . 

We first note that the manifold = (S x /) U T is a compression body with d-V = S'. If 
we set g = genus(S'), the genus of d+V is g + 1. In particular V admits a Heegaard splitting 
of genus g + 1. We have X" = V U rj, so that X" is obtained from V by adding a 2-handle. 
It therefore follows from [4, Lemma 2.1] that Hg(X") < g + I. This gives the first assertion 
of the lemma. 

We must now construct a compact connected 3-dimensional submanifold Y of X" such that 
Properties (l)-(5) hold for Y when X and S are replaced by X" and S'. 

We take Z to be a regular neighborhood of fl 5* in 5*, and observe that Z is a regular 
neighborhood of f{D) fl 5* = F in S*. It therefore follows from Lemma 5.9 that Z is a planar 
surface with three boundary curves. 

We have Z = R x {1} for some i? C S. We set Y = {R x I) U K C {J: x I) U K = X". 

By construction we have X — Y = — Rx I and X — YCi {S') = S — i? x {0}. This implies 
Property (5) for Y. 

To show that Y has Property (2), we first observe that Y = {R x I) U K = {R x I) UT U r], 
and that T and t] are disjoint from S" = S x {0} (since their intersection with Ex/ 
is contained in S x {!}). Hence Y fl dX" is the disjoint union of Zq = R x {0} and 
Zi = {{R X {1}) U T U r/) n dX" ^ S'. The 2-manifold Zq is homeomorphic to Z, and is 
therefore a planar surface with three boundary curves. 

To describe the 2-manifold Zi, we first consider the 2-manifold Z* = {{R x {1}) U T) fl 
d{{Tj X /) U T). We may obtain Z* from R x {1} by removing the interior of T fl (i? x {!}), 
which is a union of two disjoint disks, and attaching the annulus (dT) — (T n {R x {1})). 
Since R x {1} = i? is connected and x{R ^ {!}) = 1; it follows that Z* is connected and 
that x{Z*) = 3. The surface Z* contains the simple closed curves f{dD') and 86, which 
by 5.11.2 meet transversally in exactly three points. In particular, their mod 2 homological 
intersection number in Z* is equal to 1. Hence f{dD') does not separate the connected 
surface Z*. The 2-manifold Zi is obtained from Z* by removing the interior of the annulus 
Z* r\r] and attaching the two components of (drj) — {Z* fl rj), which are disks. Since rj is a 
regular neighborhood of f{D') in X — T, the annulus Z* (1 rj is a regular neighborhood of 
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the non-separating curve f{dD') in T*. Hence Zi is connected, and so Zq and Zi are the 
components of y fl dX". Furthermore, we have dZi = d{R x {1}), and since R = Z is a 
planar surface with three boundary curves, Zi has three boundary curves. Since in addition 
we have = x{Z*) — 2 = 1, the surface Zi must be planar. 

This establishes Property (2) for Y. 

We now turn to the verification of Properties (3) and (4). By construction the pair {Y,Zq) 
is homotopy equivalent to {Z U f{D),Z). Hence it suffices to show that if e int Z is a 
base point, then 7ii{Z U f{D),-k) is free of rank 2 and has an ordered basis (x, y), such that 
the image of some geometric basis of 7ri(Z, T*r) under the inclusion homomorphism is either 

{x,y'^xy) or {x,y'^xy~^). 

We fix an ordered basis (t, Mi, M2) of the rank-3 free group tti^Z U a, -k) having the properties 
stated in the conclusion of Lemma 5.9. In particular, if t^t G int Z is any base point, 7Ti{ZUa, -k) 
is free on the generators t, Ui and U2- Furthermore, Z U f{D) is obtained from Z U a hj 
attaching a 2-cell, and the attaching map realizes either the conjugacy class of t^Uitu2 or 
that of t^uit~^U2 in 7ri(Z U Hence tti{Z U f{D)^'k) is given by either the presentation 

(5.11.3) \t,Ui,U2 : t^uitu2 = ^-\, 
in the theta case, or the presentation 

(5.11.4) Ml, M2 : t^Mlt~^M2 = 1|, 

in the eyeglass case. 

Let i and Ui denote the respective images in t^i{Z U f{D),'k) of the generators t and Ui of the 
free group on t, Ui and U2- From the properties of the basis (t, Mi, M2) stated in the conclusion 
of Lemma 5.9, it follows that Ui and U2 are the images of the elements of a geometric basis 
of TTilZj-k) under the inclusion homomorphism 'Ki{Z^-k) i^iiZ U /(-D),*). On the other 
hand, it is clear from the presentation (5.11.3) or (5.11.4) that 7ri(Z U f{D)^-k) is free on 
the generators x = Ui and y = t~^. Furthermore, in the theta case, we have Ui = x and 
U2 = yx'^y"^; while in the eyeglass case, we have Ui = x and U2 = y'^x'^y"^. Thus properties 
(3) and (4) of Y are established. 

To prove that Y has Property (1), we first observe that by construction the frontier of Y is 
dR X /. Hence each component A of the frontier has the form c x /, where c is a component 
of dR. Thus A is an annulus having one boundary curve in the component S x {0} of 
dX". The other boundary curve of A is contained in S x {1} and is therefore disjoint from 
5" = S X {0}. In particular, A has its boundary curves in distinct components of dX". To 
prove that A is essential, it therefore suffices to prove that it is vri-injective in X". This in 
turn reduces to showing that A is vri-injective (4.1) in Y and in X" — Y. 

To prove vri-injectivity of A in Y, we observe that since the surface R is homeomorphic to 
a regular neighborhood of F in S, we have x{R) = 1- Hence the component c of dR is 
TTi-injective in R. This implies that c x {0} is TTi-injective in Zq = R x {0}. Since Zq is 
TTi-injective in Y by Property (4), it follows that c x {0} is TTi-injective in Y, and hence that 
A is TTi-injective in Y. 
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To prove TTi-injectivity of A in X" — Y, we observe that by construction we have X" — Y = 
S — i?x/c {Ti X I) U K = X". Since A = c x I, it suffices to prove that the boundary 
component c of i? is vri-injective in S — i?, or equivalently that no component of E — i? is a 
disk. But this follows immediately from 5.11.1. Thus Property (1) of Y is established. □ 

Remark 5.12. It follows from Property (3) and (4) of Y, as stated in the conclusion of 
Lemma 5.11, that the inclusion homomorphism Hi{Zq] Z2) —>■ Hi{Y; Z2) is an isomorphism. 

Lemma 5.13. Suppose that X is a trimonic manifold relative to S. Then dX has exactly 
one component T ^ S, whose genus is equal to that of S, and T is 7Ci-injective in X . 

Proof. Let us fix a compact, connected 3-dimensional submanifold Y of X having Properties 
(l)-(5) stated in the conclusion of Lemma 5.11. Define Zq and Zi as in the statement of 
Property (2) of that lemma. According to Property (2), we have Zq C S, and Zi is contained 
in a component T 7^ 5* of dX. If Q is a component of X — Y, then by Property (5) of Y, 
Q is a trivial /-bundle. By Property (1), each component of the frontier of Q is an essential 
annulus with one boundary component in Zq and one in Zi. Thus the components of dhQ 
may be labeled Fq and Fi in such a way that Fq meets Zq C S and Fi meets Zi C T. Note 
that Fq and Fi are homeomorphic. Since this holds for each component of X — y, and since 
Zq and Zi are homeomorphic, it follows that S and T have the same Euler characteristic, 
and furthermore that they are the only components of dX. 

It remains to show that T is vri-injective in X. According to Proposition 4.2, it suffices 
to show that the inclusion homomorphism Hi{S\'L2) Hi{M;7j2) is surjective. For this 
purpose we set Q = X — Y and doQ = Qn S, we let F denote the frontier of Y in X, and 
we consider the commutative diagram 

H,{F nS) > H,{Zq) © H,{dQQ) > H,{S) > Hq{F n S) > Hq{Zq) © HoidQQ) 



ai 



ft 071 



"0 



A 070 



H^{F) > H,{Y) © H^iQ) > H^{M) > Hq{F) > Hq{Y) © Hq{Q), 

where all homology groups are defined with Z2-coefficients, the rows are segments of Mayer- 
Vietoris exact sequences, and the homomorphisms a,. Pi, 7^ and 6 are induced by inclusion. 

Since Zq G S and Zi C T, each component of F is an annulus with exactly one boundary 
curve in S. Hence the maps ao and ai are isomorphisms. 

If Q is any component of Q, then Property (5) of Y, as stated in Lemma 5.11, implies that 
Q may be given the structure of a trivial /-bundle over a 2-manifold in such a way that 
Q n dX is the horizontal boundary of Q. Since Q must contain at least one component of 
Y, exactly one component of the horizontal boundary of Q lies in 5*. It follows that 70 and 
7i are isomorphisms. The map /Sq is an isomorphism because Zq and Y are both connected, 
while jSi is an isomorphism by Remark 5.12. 

Since the a,, and % are isomorphisms, it follows from the Five Lemma that 6 is an 
isomorphism. In particular it is surjective, as required. □ 
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Lemma 5.14. Suppose that X is a non- degenerate trimonic manifold relative to a component 
S of dX . Then there is no normal book of I -bundles W with |W| = X. 

Proof. Let us fix a compact, connected 3-dimensional submanifold Y oi X having Properties 
(l)-(5) of tlie conclusion of Lemma 5.11. Define Zo as in tlie statement of Property (2) there. 

Suppose that X = |>V| for some normal book of /-bundles W. Then Properties (1) and (2) 
of y, as stated in 5.11, give hypotheses (1) and (2) of Lemma 4.9. According to Remark 5.12, 
the inclusion homomorphism Hi{Zq\ Z2) Hi{Y; Z2) is an isomorphism. This is Hypothesis 
(3) of Lemma 4.9. 

Let us fix a base point G Zq. According to the properties (2) (3) and (4) of Y stated in 
the conclusion of Lemma 5.11, Zq is a planar surface with three boundary curves, and the 
group 7ii(Y) is free of rank 2, and there exists a pair of generators {x,y) of niiYj-k), such 
that either the pair (x, or the pair {x,y~^x~^y'^) is the image of some geometric 

basis of 7ri(Zo,*) under the inclusion homomorphism 7ri(Zo,*) 7ri(y, t^t). Since neither 
of the pairs {x,yx~~^y'^) or [x^y^^x^^y"^) generates the free group on x and y, the inclusion 
homomorphism T{i{ZQ^-k) — > 7ri(y, is not surjective. Hence Lemma 4.9 implies that there 
is a solid torus L dY such that A = L fl is an annulus which is homotopically non-trivial 
in |>V|, and the inclusion homomorphism Hi{A]'L) i7i(L,Z) is not surjective. 

Let c denote a core curve of the annulus A. Since c is in particular homotopically non- 
trivial in Zq, which is a planar surface with three boundary curves, c is parallel to one of 
the boundary curves of Zq. In view of the definition of a geometric basis, it follows that the 
conjugacy class in 7ri(y, -k) defined by a suitably chosen orientation of c is represented by one 
of the elements x, yx'^y"^, x^^yx^^y"^ , y^^x^^y"^ or x^^y^^x^^y"^ . On the other hand, since 
the inclusion homomorphism Hi{A]7j) i/i(L,Z) is not surjective, a representative of a 
conjugacy class in TiiiY^ -k) defined by c must be an n-th power in 7ri(y, -k) for some n 7^ ±1. 
But none of the elements x, yx'^y"^, x'^yx'^y"^ , y'^x'^y"^ or x~^y~^x~^y'^ is a proper power 
in the free group on x and y. This contradiction completes the proof. □ 

6. With a (1, 1, 1) hexagon. 

In this section and the next we will be working with hyperbolic 3-manifolds with totally 
geodesic boundary. As is customary in low-dimensional topology, we shall implicitly carry 
over the PL results proved in Sections 5 and 4 to the smooth category. For example, to say 
that a smooth manifold X is a trimonic manifold relative to a component S of dX means 
that the pair (X, S) is topologically homeomorphic to a PL pair (X'S") such that X' is a 
trimonic manifold relative to S' . Likewise, to say that a smooth manifold X has the form 
|W| for some normal book of /-bundles W means that X is topologically homeomorphic to 
a PL manifold which has the form |W| for some normal book of /-bundles W. 

Here we will describe some topological consequences of the presence of a (1,1,1) hexagon 
in X, when the shortest return path of X is not too long. The main result of the section. 
Proposition 6.8, asserts the existence of a trimonic manifold in X under these circumstances. 
Below we prove a series of separate lemmas concerning the geometry of (1, 1, 1) hexagons. 
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from which the proposition follows quickly. The first follows from [15, Lemma 3.2], but for 
self-containedness we prove it here. 

Lemma 6.1. Let N be a compact hyperbolic S-manifold with totally geodesic boundary, and 
X, X' G N short cuts with length ii. Then X = X' or A fl A' = 0. 

Proof. Suppose A intersects A' at a single point y G X. Let 11 be the component of dN 
containing the endpoint x of A closest to y, and let n' be the component containing the 
endpoint x' of A' closest to y. The subarcs [x,y] and [x',y] of A and A', respectively, each 
have length at most ii/2. They meet at y at an angle properly less than vr, since X ^ X' 
and each is geodesic. But then n and n' are components of dN at distance less than ii, so 
they are equal. But since A and A' are geodesic arcs, each perpendicular to n, in they are 
disjoint or equal, a contradiction. □ 

Remark 6.2. Suppose is a compact hyperbolic 3-manifold with totally geodesic boundary 
and g : N ^ N is a covering transformation. If A is a short cut with length ii, then according 
to Lemma 6.1, either g{X) = A or g{X) fl A = 0. But in the first case, g would fix a point 
in A, a contradiction. It follows that every short cut of length ii is embedded in N by the 
universal cover. 

Lemma 6.3. Let N be a compact hyperbolic 3-manifold with dN connected, totally geodesic, 
and of genus 2, and suppose ii satisfies the bound below. 

, „ cos(27r/9) 

cosh^i < / // — = 1.4396... 

2 cos(27r/9) - 1 

Then £2 > ii; ie, the shortest return path in N is unique. 

Proof. Suppose £2 = ^i- Applying the right-angled hexagon rule as in the proof of Lemma 
2.6, we find that each of dn, di2, and ^22 is at least 2R, for R the function of ii defined there. 
Then a disk of radius R is embedded around each of the feet of Ai and A2, so that none of 
these disks overlap. Boroczky's bound on the radius of four disks of equal area embedded 
without overlapping on a surface of genus 2 is the quantity R" defined in Lemma 2.9. Setting 
R = R!' and solving for £1 yields the quantity of the bound above. □ 

Lemma 6.4. Let N he a compact hyperbolic 3-manifold with totally geodesic boundary. Sup- 
pose C and C are distinct (1, 1, 1) hexagons in N with exterior edges on the same component 
of dN . Then C H C is either empty or a single interior edge. 

Proof. Let e and e' be exterior edges of C and C on the same component of dN. The 
endpoints of e and e' are feet of lifts of the shortest return path; any such pair has distance 
at least dn. Since C and C are distinct, so are e and e'; if they share an endpoint then 
C nC consists of an interior edge. 

Otherwise, e is a geodesic arc of length du connecting its endpoints a and b and e' an arc of 
the same length connecting its endpoints a' and b', with d{a, a'), d{a, b'), d{b, a'), and d{b, b') 
all at least dn. Some hyperbolic trigonometry shows that any point at distance at least du 
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from a and h satisfies cosh£ > coshrfu/ cosh((iii/2), where d. is its distance from e. Twice 
this distance is larger than du] thus e' does not cross e, and so C fl C" = 0. □ 

Remark 6.5. Suppose is a compact hyperbohc 3-manifold with totally geodesic boundary 
and g : N N is a, covering transformation. If C is a (1, 1, 1) hexagon, and an external edge 
of g{C) intersects an external edge of C, then by Lemma 6.4, either g{C) = C or g{C) fl C 
is a single internal edge. In the former case, g fixes a point in C, a contradiction. It follows 
that the union of the interiors of external edges of C projects homeomorphically to A^. 

Lemma 6.6. Let N he a compact hyperbolic 3-manifold with totally geodesic boundary, and 
suppose cosh^i < 1.215. If C is a (1, 1, 1) hexagon in N and X is a short cut of length ii, 
then A is an internal edge of C or A fl C = 0. 

Proof. Suppose A and C are as in the lemma, and A fl C is nonempty. Let Hi and 112 
be the components of dN containing the endpoints of A, and let 11 be the geodesic plane 
containing C. Suppose first that A C 11. If A is not contained in C, let x be an endpoint 
of A n C contained in the interior of A. Then x is a point of intersection between A and 
an internal edge of C, since the external edges of C are contained in dN and A is properly 
embedded. But each internal edge of C is a short cut with length ii, so this contradicts 
Lemma 6.1. It follows that if A C 11, A C C. But C intersects only three components of dN 
— the components joined by its internal edges. Hence since C intersects Hi and 112, A is an 
internal edge of C. 

Now suppose A is not contained in 11. Then A intersects C transversely in a single point x. 
There is a component 11' of dN such that 11' fl 11 contains an external edge of C and x is 
distance at most A from 11'. Then the distance from 11' to each of Hi and 112 is less than 
A + £i. By Lemma 3.8, £2 is at least twice A and ii; hence the distance from 11' to each of 
Hi and 112 is ii, since it is less than £2- By Lemma 2.3, there is a (1, 1, 1) hexagon C with 
A as an internal edge and external edges in 11', Hi, and 112. But then C nC contains A fl C, 
contradicting Lemma 6.4. □ 

Lemma 6.7. Let N be a compact hyperbolic 3-manifold with totally geodesic boundary, and 
suppose cosh^i < 1.215. If C and C are distinct (1,1,1) hexagons in N, then C r\ C is 
empty or a single internal edge of each. 

Proof. Suppose C and C" are distinct (1,1,1) hexagons in A^, and C fl C" 7^ 0. By Lemma 
6.4, the lemma holds if there is a component of ON containing external edges of both C 
and C", thus we may assume that this is not the case. It follows that no external edge of C 
contains a point of CflC" and vice-versa, since by Lemma 2.4, CCidN is precisely the union 
of its external edges. Let 11 be the geodesic hyperplane containing C. If C C 11, then CnC 
is a two-dimensional subpolyhedron of C, and each vertex of C fl C" is an intersection point 
between internal edges, by the above. But these are all short cuts of length ii, contradicting 
Lemma 6.1. 
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If C is not contained in 11, it intersects C transversely in a geodesic arc, whose endpoints are 
points of intersection of internal edges of one with the other. But such intersections violate 
Lemma 6.6, since the internal edges of each are short cuts of length £i, a contradiction. □ 

Proposition 6.8. Let N he a compact, orientahle hyperbolic S-manifold with dN connected, 
totally geodesic, and of genus 2. Suppose that cosh^i < 1.215, and there is a (1, 1, 1) hexagon 
in N. There is a submanifold X G N with dN C X , such that X is a trimonic manifold 
relative to dN. 

Proof. Let N be as in the hypotheses, and fix a (1, 1, 1) hexagon C <Z N . Let f : C ^ N he 
the restriction of the universal covering, and let X be a regular neighborhood of dN U f{C). 
Since cosh^i < 1.215, Lemma 6.3 implies that has a unique shortest return path a, hence 
each internal edge of C projects to a by /. The preimage of a is a union of short cuts 
with length £i, hence Lemma 6.6 implies Property (1) of Definition 5.7. Remark 6.2 now 
immediately implies Property (2) of the definition. Property (3) follows from Remark 6.5 and 
Lemma 6.7. Properties (4) and (5) follow from Lemma 2.4, and (6) holds by construction. □ 

Proposition 6.9. Let N he a compact, orientahle hyperbolic 3-manifold with dN connected, 
totally geodesic, and of genus 2, such that cosh^i < 1.215 and there is a (1, 1, 1) hexagon in 
N. The trimonic submanifold X G N supplied by Proposition 6.8 is non- degenerate. 

Proof. Let satisfy the hypotheses, and as in the proof of Proposition 6.8 let C C iV be a 
(1, 1, 1) hexagon, f : C N the restriction of the universal cover, and a G N the shortest 
return path. Below we will borrow wholesale the constructions and notation from the proof 
of Lemma 5.9, with C here in the role of D there and dN in the role of S. 

Recall that the internal edges Oj and external edges hi of C, i G {0, 1,2}, are enumerated 
so that shares a vertex with hi and for each i, and dC is oriented so that 0o = /l^o 
induces the same orientation on a as 0i = f\ai. Then a is given the orientation induced by 
(po and 01, with initial and terminal vertices V and W, respectively. For each i G {0,1,2}, 
the edge Pi = f{hi) of F = is given the induced orientation from hi. 

Cases (I) and (II) in the proof of Lemma 5.9 are distinguished according to whether 02 = /|fl2 
is orientation preserving or reversing, respectively. In Case (I), F = /5o U /9i U j32 is a theta 
graph, and in Case (II) it is an eyeglass. (Recall that (3i = /(int hi), i G {0, 1, 2}.) 

For each i G {0,1,2}, let Ilj be the component of dN containing hi. Suppose that U is 
a component of dN — F which is homeomorphic to an open disk, and let Uq C IIq be a 
component of the preimage of U under the universal covering map. Then f/o is projected 
homeomorphically to [/, and Uq is a compact polygon in IIq with edges projecting to the 
hence covering translates of the hi. Since the hi are geodesic arcs, Uq has at least three 
edges. Since each vertex v of Uq projects to V or W , and f/o projects homeomorphically, f/o 
has at most 6 vertices. Hence f/o is an ra-gon for n between 3 and 6. 

Suppose edges h and h' incident to a single vertex v of f/o were identified in F. The covering 
transformation / taking h to h' is orientation preserving on A^, so it preserves the boundary 
orientation on IIq. Give f/o this orientation, and orient h and h' as arcs in the boundary of 
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Uq. Since /(f/o) does not intersect Uq, f{Uo) HUo = b' = f{b). Since f{b) has the boundary 
orientation from f{Uo), its orientation is opposite that of b'. But then since v is the initial 
vertex of (say) b and the terminal vertex of b', f{v) = v, a. contradiction. Hence: 

6.9.1. If V is a vertex ofUo, the edges incident to v project to distinct edges ofT. 

Now suppose Uq is a triangle. Then two of its vertices are identified in A^, since F has only 
two vertices. The edge joining these vertices projects to an edge joining ^ to or to 
W, so in this case F is an eyeglass graph. On the other hand, the final vertex of Uq is not 
identified with the other two by 6.9.1, since an eyeglass graph has only one edge joining each 
vertex to itself. But then the two edges emanating from the final vertex yield distinct edges 
of F, joining V to W, which does not occur in an eyeglass graph. This is a contradiction. 

When Uq is a pentagon, three of its vertices are identified to V (say) in F. Thus two of these 
are adjacent in Uq. The edge joining the adjacent vertices of f/o identified to V joins it to 
itself in F, hence F is an eyeglass graph. The third vertex identified to V is not adjacent to 
either of the others, by 6.9.1, since F has only one edge joining V to itself. Then the edges 
adjacent to this vertex project to distinct Pi joining V to W, a contradiction. 

To rule out the possibility that f/o is a quadrilateral or hexagon requires counting angles. 
Recall that S = dN is oriented so that TV is a positive oriented triod (see 5.1). Here 
7y = ((To, cTi, (T2) in Case (I) and Ty = (o"o, <7i, P2) in Case (II), where for each i G {0, 1, 2}, pi 
is the closure of an initial segment of (3i and cTj is the closure of a terminal segment of f3i-i. 
Define 6*1 to be the angle measure from ao to cxi at V, in the direction prescribed by the 
orientation on dN. In Case (I), we take 62 to be the angle from cxo to (J2 in the orientation 
direction, and in Case (II) we let 62 be the angle from to p2- Then < ^1 < 6*2 < 2n. 

Recall that C is a totally geodesic hexagon in N by Lemma 2.3, and the covering projection 
/ immerses C in isometrically. Then appealing to Figure 5.1, we note that 61 is the angle 
from pi to po at W, measured in the orientation direction. This is because the homeomor- 
phism ip : Sv ^ Sw defined in the proof of Lemma 5.9 is orientation reversing. Similarly, in 
Case (I) 62 is the the angle from p2 to po at W in the orientation direction, and in Case (II) 
it is the angle from a2 to po. 

If f/o is a quadrilateral, then two of its edges are sent by / to the same edge of F. These 
are opposite, by 6.9.1; hence the image in F of each of the remaining edges joins a vertex to 
itself. Then F is an eyeglass graph, the pair of opposite edges identified by / project to Po, 
and the other two edges project to Pi and P2. Abusing notation slightly, we label the edges 
projecting to Pq by bo and 6q, and similarly label the edge projecting to Pi by 6j, i = 1,2. 
(These are covering translates of the corresponding edges of C.) We give each edge of Uq an 
orientation matching that of its correspondent in F. 

Orient Uq so that /|f/o preserves orientation. We may assume, by switching the labels of 
60 and 60 and/or replacing C with a covering translate if necessary, that the prescribed 
orientation on bo G C matches the boundary orientation which it inherits from Uo- The 
terminal endpoint of bo is sent to V, and a terminal segment is sent to the interior of 
(Ti by definition. Since the orientation on dN is chosen so that {ao,ai,p2) is a positively 
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oriented triod, the orientation ai inherits from (3o matches the boundary orientation from 
the component of 6v — (ctq U cti U (J2) bounded by it and p2- It follows that the terminal 
endpoint of 60 is the initial endpoint of 62, and the dihedral angle of Uq at this vertex is 

6*2 — 01- 

Since the orientation on Uq is opposite that induced by Uq, the dihedral angle of Uq at the 
common terminal endpoint of 6q and 62 is Oi, the dihedral angle in 6v between cxo and ui. 
Arguing as above, we find that the dihedral angle of Uq at the initial endpoint of b^, which 
is the terminal endpoint of bi, is 271 — 62. (Recall that the homeomorphism if) : 5v ^ 5w 
visible in Figure 5.1 as projection upward is orientation reversing.) The dihedral angle at 
the final vertex is then 61. Thus the sum of the dihedral angles is 27r + ^i, contradicting the 
well known fact that the dihedral angle sum of a hyperbolic quadrilateral is less than 2tt. 

Now suppose Uq is a hexagon. Then the projection of Uq contains each of 5v and 5w, since 
Uq has 6 vertices and each of V and W has valence 3. Thus the sum of the dihedral angles 
around vertices of Uq is 47r. But a hyperbolic hexagon has dihedral angle sum less than 47r, 
a contradiction. It follows that no component of dN — F is homeomorphic to an open disk. 
Since / : C — > is a defining hexagon (in the sense of Definition 5.10) for the submanifold X 
defined in Proposition 6.8, and since F = Fj, the trimonic manifold X is non-degenerate. □ 

7. Putting it all together 

In this section we prove the theorems stated in the introduction. Here we make much use 
of terminology and results from [4]. Of particular importance is the term "((?, /i)-small", see 
Definition 1.2 there. 

Lemma 7.1. Let W he a normal hook of I -bundles, set W = |W|, and suppose that dW is 
connected and has genus 2. Then Hg(iy) = 3. 

Proof. Since x(W^) = ^x{dW) = 1, there is a unique page P of W which has negative Euler 
characteristic; and furthermore, x{P) = 1- Since Pfl dW = dhP is a vri-injective subsurface 
of dW with Euler characteristic —2, its complement in dW is a disjoint union of annuli. 
Thus if P is a component of W — P, then dB is a union of annuli in dW — P and vertical 
annuli in the frontier of P, and is therefore a torus. Since the frontier of P in 14^ consists 
of essential annuli, B is TTi-injective in W, and since W is simple, B is (2, 2)-small. It now 
follows from [4, Proposition 2.3] that each component of W — P is a solid torus. 

Let C be a closed disk contained in the interior of T. If p : P ^ T is the bundle projection, 
H = p^^(C) is a 1-handle in P joining dhP C dW to itself. Let 60 be an arc embedded in 
T — C, so that d6o = 60 H d(T — C) C dC and no arc of dC bounds a disk embedded in 
T — C together with 5q. The existence of such an arc can be established using the fact that 
x{T — C) = —2 and standard Morse theory arguments. If Dq is a regular neighborhood of 
5o in T — C, then T — C — Dq is a possibly disconnected surface with Euler characteristic 
— 1 and no component which is a disk. Let Tq be the component with x{To) = and let (3 
be a component of OTq containing an arc of the frontier in T — C of Dq. There is an arc 61 
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embedded in Tq, so that d6i = SiCidTo C (3 and no arc of f3 bounds a disk in Tq together with 
6i. This follows as above, and we may further assume, after sliding d6i along P if necessary, 
that d6i does not intersect the frontier of Dq. Let Di be a regular neighborhood in Tq of 6i 
which does not intersect Do, and let D = Do U Di <zT — C. 

By construction, T — C — D is a disjoint union of surfaces with Euler characteristic 0; that 
is, annuli and Mobius bands. Since T is connected, each component of T — C — D has at 
least one component of its boundary containing arcs of the frontier of D. Thus if a is a 
component of dT, the component T' of T — C — D containing a is an annulus, and a is 
the unique component of dT' contained in dT. For i = or 1, let "Dj = p"^{Di) C P, and 
let T> = Vo UVi. Each of Vq and T>i is an /-bundle over a disk, hence a ball, and each 
component of P — 7i — P is an /-bundle over an annulus or Mobius band, hence is a solid 
torus. 

Let B he a component of W — P. Then the component of W — Ti — T> containing B is 
the union of B with a collection of solid torus components of P — Ti. — T>. If /?i is such a 
component, by the above Bi is an /-bundle over an annulus component ofT — C — D with 
a unique boundary component a C dT. Let A = p~^{a) = B n Bi, a vertical annulus in the 
frontier of P. Since A is a degree one annulus in dBi it follows that /? U /?i is a solid torus. 
It follows that each component of W — Ti. — T> is a solid torus, so — 7i is obtained from 
a collection of solid tori by adding T>o and T>i. 

Let A/q be a regular neighborhood of dW such that Aq fl P is a regular neighborhood of 
dhP in T with horizontal frontier. Then A/q H 7Y is a disjoint union of two solid cylinders. 
Let Vo = Afo U H. Vq is a compression body in W with frontier a surface S of genus 3. 
Our description above shows that Vi = W — Vq is the union of a collection of solid tori with 
Vo n Vi and VidVi. Each of these has the structure of a 1-handle, since it is a ball and its 
intersection with its complement in Vi consists of two disks. Hence Vi is a handlebody and 
S" is a Heegaard surface for W. □ 

Theorem 7.2. Let N be a compact, orientable hyperbolic 3-manifold with dN a connected 
totally geodesic surface of genus 2. If coshii < 1.215 and there is a (1, 1, 1) hexagon in N, 
then B.g{N) < 4 or yo\{N) > 7.32. 

Proof. Let satisfy the hypotheses of the theorem, and let X C be the codimension-0 
submanifold supplied by Proposition 6.8, which is a trimonic manifold with respect to dN, 
nondegenerate by Proposition 6.9. Let T be the frontier of X in A^. By Lemma 5.13, T is a 
surface of genus 2 which is vri-injective in X. 

Let V = N — X. Then \^ is a compact, connected, irreducible 3-dimensional submanifold 
of which is vri-injective, with dV = T. Therefore x(^) = 1- Note that A^ is (2, 2)-small, 
since it admits a hyperbolic structure with geodesic boundary. Thus in the case where V 
is boundary-reducible, it is a handlebody by [4, Proposition 2.3]. By Lemma 5.11, X has 
Heegaard genus equal to 3. Then in this case, a genus 3 Heegaard surface for X is a genus 
3 Heegaard surface for N (cf. [4, Lemma 2.1]), hence Hg(A^) = 3. 
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Now consider the case in which V = |W| for some normal book of /-bundles W. By Lemma 
7.1, we have Hg(V) = 3. Amalgamating the Heegaard splittings of V and X, each of genus 
3, across T yields a Heegaard splitting of N with genus 4 (cf. [18], Remark 2.7 and the 
definition above it). 

There remains the case in which V is boundary-irreducible but is not homeomorphic to |W| 
for any book of /-bundles W. Since V is boundary-irreducible and T is vri-injective in X, 
the surface T is incompressible in N. Hence V and X are simple. By Lemma 5.14, X is also 
not homeomorphic to |W| for any book of /-bundles W. Hence by Proposition 4.7, if Sy and 
Sx denote the characteristic submanifolds of V and X relative to their boundaries, we have 
xiX - Sx) < and x{V - ^v) < 0. According to [4, Definition 1.1], kish(r) (or kish(X)) 
is the union of all components oi V — Sy (or respectively X — Ex) having negative Euler 
characteristic. We therefore have kishy ^ and kishX ^ 0, so that ~ ^x) > 1 and 
X{V - Ey) > 1. Hence x(kishX \\T) = x(kish(X)) + x(kish(\/)) > 2, and by [2, Theorem 
9.1], the volume of N is greater than 7.32. □ 

Theorem 1.1. Let N be a compact, orientable hyperbolic 3-manifold with dN a connected 
totally geodesic surface of genus 2. //Hg(A^) > 5, then N has volume greater than 6.89. 

Proof. Let N satisfy the hypotheses of the theorem, and let ii be the length of the shortest 
return path of N. If cosh^i > 1.215, then by Proposition 3.7, N has volume greater than 
6.89. If N contains no (1, 1, 1) hexagon, then by Proposition 3.9, ii > 1.215, and Proposition 
3.7 again gives the desired volume bound. We thus suppose that N has a (1, 1, 1) hexagon 
and cosh^i < 1.215. But in this case Theorem 7.2 gives a better volume bound of 7.32, since 
by hypothesis Hg(iV) > 5. □ 

Theorem 1.4. Suppose that M is a closed, simple 3-manifold which contains a connected 
closed incompressible surface of genus 2 or 3, and that Hg(M) > 8. Then M contains a con- 
nected closed incompressible surface S of genus at most 4, such that either x(kish(M \\S)) > 
2, or S is separating and M\\S has an acylindrical component N with Hg(A^) > 7. 

Proof. Let M satisfy the hypotheses of Theorem 1.4, and note that since M is simple, it 
is (2,2)-small by definition. Suppose M contains a connected closed incompressible surface 
of genus 2. If M is (3,2)-small, the hypothesis on Hg(M) and [4, Theorem 3.1] imply that 
for any such surface S, x(kish(M \\ S")) > 2, satisfying the first conclusion of Theorem 1.4. 
Otherwise, [4, Theorem 5.8] provides a separating, connected, closed incompressible surface 
S of genus 2 satisfying one of the conditions below. 

(1) At least one component of M\\S is acylindrical; or 

(2) For each component B of M\\S we have kish(/?) ^ 0. 

If S satisfies condition (2), then since each component B of M\\S has kish/? 7^ we have 
x(kish(M \\ S")) > 2, which implies the first conclusion of Theorem 1.4. We address the 
other case below. 

Now suppose that M contains no connected closed incompressible surface of genus 2 but con- 
tains a connected closed incompressible surface of genus 3. If M is (5, 3)-small, the hypothesis 
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on Hg(M) and [4, Theorem 3.1] imply that for any such surface S, x(kish(M \\ S)) > 4, sat- 
isfying the first conclusion of Theorem 1.4. The remaining possibilities are that M contains 
a separating incompressible surface of genus g and is {g, 3)-small, for = 3 or 4. In either 
case, the hypothesis on Heegaard genus ensures that [4, Theorem 5.8] provides a separating 
connected closed incompressible surface S of genus g satisfying condition (1) or (2) above. 
As above, if S satisfies conclusion (2), then the first conclusion of Theorem 1.4 follows. 

In the remaining cases, we have a separating, connected, closed incompressible surface S (Z M 
of genus 2, 3, or 4, satisfying condition (1) above, and we may assume that S does not satisfy 
condition (2) there. Let N be an acylindrical component of M\\S and B the remaining 
component. Since N is acylindrical, = kish(A^). Therefore kish(i?) = 0, since otherwise 
S would satisfy condition (2) above. Then B = \B\ for some book of /-bundles B (cf. [4, 
§5.1]), and so by [4, Lemma 5.3], B is "shallow relative to S"' ([4, Definition 4.3]). It now 
follows from [4, Lemma 4.4] that Hg(M) < l-l-Hg(iV), hence by hypothesis that Hg(A^) > 7. 
Thus in this case the second conclusion of Theorem 1.4 holds. □ 

Theorem 1.3. Let M be a closed, orientahle hyperbolic 3-manifold containing a closed, 
connected incompressible surface of genus 2 or 3, and suppose that Hg(M) > 8. Then M 
has volume greater than 6.89. 

Proof. We apply Theorem 1.4 to M, yielding a connected closed surface S of genus at most 
4 satisfying its conclusion. If x(kish(M \\ S*)) > 2, then Theorem 9.1 of [2] implies that 
the volume of M is greater than 7.32. Thus we assume 5* is separating and M\\S has an 
acylindrical component X with Hg(X) > 7. It is a standard result (cf. [4, Proposition 6.3]) 
that X is homeomorphic to a hyperbolic 3-manifold with totally geodesic boundary, and 
vol(A^) = geodvol(X) (see Definition 6.2 of [4]). 

If 5* has genus at least 3, then by Miyamoto's Theorem [16, Theorem 5.4], vol(A^) > 10.4. 
If 5* has genus 2, then Theorem 1.1 implies that A^ has volume greater than 6.89. Theorem 
1.3 now follows from [4, Proposition 6.4] (which is in turn derived from results in [2]). □ 

Theorem 1.2. Let M be a closed, orientable hyperbolic 3-manifold with 

dim2,ifi(M;Z2) > 5, 

and suppose that the cup product map if^(M;Z2) ^ H^{M;Z2) — > if^(M;Z2) has image of 
dimension at most one. Then M has volume greater than 3.44. 

Proof. If TTiM is 4-free, then Theorem 1.2 of [6] implies that M has volume greater than 
3.44. Otherwise there is a subgroup G of ttiM which has rank at most 4 and is not free. 
The homological hypotheses and Proposition 3.5 of [5] ensure that there is a twofold cover 
M ^ M, with dimz^Hi{M;Z2) > 8, such that G < ttiM. Theorem 1.1 of [6] implies 
that M contains an incompressible surface of genus 2 or 3. Since Hg(M) bounds above the 
dimension of its Z2-homology, we have Hg(M) > 8. Theorem 1.3 now implies that M has 
volume greater than 6.89; hence that M has volume greater than 3.445. □ 
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